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1.0 INTRODUCTION

1.1 Objectives

The objectives of the study described in this report were:

a. to develop mathematical computer models for the M16Al and
XM19 Rifles.

b. to investigate altermative ways to model various events in
the firing cycle.

c. to perform various sensitivity studies using the models.

d. to evaluate proposed design changes.
NOTE: The term "model" used in this report will indicate mathematical

computer model.

This study was divided into two parts:

Volume I deals with the construction and the use of a model (M16
model) of the M16Al Rifle. It is exploratory, philosophical, and it
describes alternative ways to handle various forces and treats a vari-
ety of topics related to modeling in addition to providing a detailed
description of the M16Al model and results.

Volume II describes the development of a mathematical computer
model of the XM19 Rifle (MXM model). In contrast, the MXM model is
less exploratory and the report goes directly to the point of describ-
ing exactly what is in the model, what the results of exercising it are,
and what conclusions can be drawn. The work was designed to be an appli-
cation of present techniques that would directly result in a practical

model.
1.2 Material Presented in This Volume

The material presented in Volume I of this report deals with the
construction and the use of a mathematical model (M16 model) of the
M16Al1 Rifle. With the M16 model, the motions of the hammer, bolt, bolt-
carrier, main gun, buffer body, buffer weights and an optional number of
segments of the drive spring can be predicted. The M16 model has eleven
degrees of freedom plus an extra number dependent upon how many element
masses are chosen to represent the drive spring. For most purposes,
other than an in-depth study of the spring itself, five element masses
are adequate. One of the degrees of freedom accounts for the pitch motion
of the weapon. The M16 model incorporates a simple model of the human

operator (shooter) consisting of linear and torsional springs and dampers,
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and it also includes a simple exterior ballistics analysis so that major
trends in weapon dispersion can be evaluated. Detailed interior ballis-
tics and gas—-transmission analyses are not included; experimental press-
ure-time curves are used.

The construction of the M16 model of the M16Al Rifle serves a num-
ber of purposes. It is first a vehicle for the extension of the state
of the art in weapon modeling. For this role, the M16Al Rifle is
ideally suited. Rifles are readily available, and much information is
already known with which theory can be compared. Second, a model of
this weapon provides a logical basis for comparison of performance of
other weapons such as the XM19 Rifle. Statements about sensitivity to
changes in parameters in one weapon are more meaningful if one knows
how another weapon responds to similar changes in these parameters.
Third, the model serves as a practical tool for any proposed modifica-
tions to this weapon. Fourth, the model can be used for troubleshooting
should any difficulties arise. In the past, manufacturing problems have
arisen that are ideally suited for exploration through a model.! Fifth,
as is demonstrated in this report, such a model can add to the present
store of information about the M16Al Rifle. Effects can be explored
that are virtually impossible to study experimentally. Finally, the
model provides a means of exploring and demonstrating the capabilities
and limitations of mathematical weapon models.

Unique features of the M16 model include not only detailed and
efficient analyses of the buffer, drive spring, and magazine, but also
an exploration of weapon dispersion through a simple model of the
shooter. An extensive sensitivity analysis was also performed that
provides information on trends previously unavailable. Also, in connec-
tion with the development of the model, many new approaches were explored
and some of these are discussed in the appendices to this report. Topics
discussed include impact between masses, the coupling of complex mathe-

matical models without simultaneous solution of all equations, and a

1Graudy, A.J.; Duffy, J.A.; Horchler, M.H.; and Ehle, P.E.; "Investi-
gation of Bolt/Bolt-Carrier Clearances in the M16Al Rifle'", Technical
Note TN-1159, Frankford Arsenal, Philadelphia, Pa. (May 1971)
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unique fluid flow analysis.

One of the most significant aspects of the report is the sensitivity
analysis. This analysis provides quantitative information about the
M16Al previously unavailable from experiment and demonstrates one of the
important uses of a model. According to the M16 model, burst accuracy
of this weapon can be improved by a stiffening of the shoulder and the
upper torso of the shooter, a decrease in breech pressure, and increase
in moment of inertia of the rifle, a decrease in drive-spring constant,
and the positioning of the center of gravity of the buffer weights midway
between the possible extremes. An increase in cyclic rate can be achieved,
according to the model, by a stiffening of the shooter's shoulder, an
increase in gas pressure in the bolt-carrier cavity and at the breech, a
decrease in mass of the bolt and bolt-carrier, and the ﬁositioning of the
center of gravity of the buffer weights in the most forward position

possible. Many of these trends, but not their degree, are obvious.

The remainder of Volume I deals with the development and exercise
of the model, and the discussion of study areas important for future
model development. First, modeling philosophy is discussed that is
essential for the placement of the subject of this report in proper
perspective. Then after a brief description of weapon operation, the
general equations of motion used to describe this rifle are discussed.
From the solution of these equations, typical predictive capabilities
of the model are demonstrated and many predictions are compared with
experiment. For insight into the response of weapon performance to
changes in various parameters, the sensitivity analysis is discussed.
(Note that some of the model predictions were made while the model was
in an advanced but not final state of development. However, the results
are substantially representative of the present model. Continual changes
and refinements are a natural part of the modeling process). A number
of comparisons are made between the predictions of the M16 model and those
of the MXM model of the XM19 Rifle described in Volume II. On the basis
of the M16 model predictions, conclusions are drawn and recommendations
are made. In the appendices, detailed derivations of each force express-

ion are given. Various topics for future emphasis are also discussed.
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A conversion table is included so that the reader can quickly relate
cycle time to shots per minute and make conversions between English

and metric systems. Finally, computer programs are provided to present

a clearer impression of the M16Al and drive spring models. Both computer
programs are written in FORTRAN IV and were run on IBM 360/65 computers.
Run times for a 3 shot burst generally was less than 1 minute, but this

varied with the number of finite elements used to model the drive springs.
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2.0 MATHEMATICAL COMPUTER MODELS
2.1 Modeling Philosophy

Since the M16Al Rifle has been in service for a number of years and has
undergone extensive tests and design changes, one may wonder why a math-
ematical model of the M16Al was not undertaken long ago. In the past,
weapon development has been basically a trial-and-error procedure. The
techniques of mathematical modeling for the comprehensive description
of small-caliber automatic weapons simply were not developed until
recently. Some early modeling work was done at Frankford Arsenal in
19672. However, one of the earliest attempts at a comprehensive model
was made at Rock Island in 19693. Models of artillery weapons had
been developed before that time, but the problems of modeling these
two types of weapons are quite different, especially in the areas of
automatic fire and man-weapon interaction. Modeling efforts at WECOM
and elsewhere have recently increased, and people now have a better
idea of what can be modeled effectively, what is essential to model
in detail, what modeling can provide, and what the problems and limita-
tions are. In this section of the report, an attempt is made to present
a clearer idea of current modeling philosophy upon which the M16Al model

is based.
2.1.1 Four Major Areas

A number of general purposes exist for which a model of any automa-
tic weapon can be used. Eventually, with little or no resort to exper-
imentation, highly developed math models will be constructed with which
quick, inexpensive, accurate, and nearly complete information can be
provided in four major areas: (1) weapon concept evaluation (2) design

(3) evaluation of existing weapons (4) troubleshooting.

’Kucsan, S.; Shinaly, F.; Jaslow, H.; and Zaid, M.; "Small Arms
Systems Simulation," Frankford Arsenal Report R-1848, Philadelphia,
Pa. (Jun 1967)

3Ehle, P.E., "Mathematical Model of the Stoner 5.56mm Medium Machine
Gun, XM207," WECOM Technical Report 70-114, AD 862081L, Research and
Engineering Directorate, Rock Island, I1l (Oct 1969)
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Today, this goal is partially realized. For concept work, one can
use a model to predict gross operational characteristics, provide some
reliability information, and partially explore compatibility with exist-
ing mounting systems. (A good example of this capability is contained
in Ref q.) For design, one can now use the models only as part of a
trial-and-error procedure. At the very least, this procedure can be
feasibly automated and many configurations can be analyzed by the com-
puter until specified design criteria such as cyclic rate are met. To
have the computer directly solve for the detailed specifications of a
general configuration by which these criteria will be satisfied is also
conceivable. Developments in optimization methodology will contribute
to these design capabilities. However, the underlying design concept
will still be the product of a human designer. Completely automated
design is not in the foreseeable future. In the evaluation of existing
weapons, the models can locate tendencies toward malfunctions, examine
certain aspects of reliability and accuracy, and assess compatibility of
the weapon with various mounting systems. TFor troubleshooting, one can
use a model to locate the sources of many problems, to determine the
ramifications, and to indicate alternative solutions. The full potential
of mathematical modeling of weapons is far from being reached in the

four majer areas.

2.1.2 Simple Models

For many purposes, very simple models are the most effective. For

example, in early concept studies, the inclusion of fine details is often
unjustified. Also, one phenomenon may be very precisely modeled, but
this advantage is somewhat negated by gross approximations in other parts
of the model. In addition, when one divides a complicated physical pro-
cess into a large number of smaller ones, often the result is that, in-
stead of making one large guess, many smaller guesses are made; and the
sum is no better than the accuracy of its parts. Also, computer time
may soar unnecessarily. Thus, for a particular problem at hand, highly

detailed approaches are sometimes neither necessary nor productive.

“Interim ADPACS Report - DESVAL - USAWECOM Task Group Report, SWERR-R,
Rock Island, I11l (Jul 1972)

2-2



However, if one is to more fully explore the potential of math models,
to look beyond the problems of the present, and to increase accuracy,
one must at some time dig deeply into the details of the various physi-
cal phenomena. Thus, by the inclusion of seemingly unnecessary detail,
especially in exploratory models, one is in effect planning for the
future, increasing the ability of engineers to model future weapons,
and advancing the state of the art. If one is to understand complex
physical processes, these problems must be divided into parts that can
be individually analyzed. Inclusion of these parts in a model also
enables one to assess their relative importance. On balance, highly
detailed models often serve a purpose beyond the immediate problem at
hand and should be encouraged if time and resources permit.

2.1.3 Extreme Attitudes

One can often find two extreme attitudes concerning the value of
math models of weapons. The first attitude is that these models are
worthless because certain phenomena such as the complete human response
of the shooter are too complex to model, or because some model predic-
tions are not in agreement with experiment, or because certain expressions
used in the models were not rigouously derived. The second attitude is
that a model can do virtually everything and can even set the manufactur-
ing tolerance limits on every part of the mechanism. The truth, of course,

lies somewhere between these extremes.
2.1.3.1 First Attitude

The first attitude is unjustified because of the reasons stated below:
(a) Although phenomena exist too complex to analyze precisely now,

an approximate model often retains much of the essence of the phenomenon

and can be used for trend predictions that provide important insight
into weapon characteristics. Perfection is desirable, but is not nec-
essary.

(b) Inaccuracy of certain model predictions does not necessarily
imply inaccuracy of others. For example, an incorrect peak force may
not have much effect on cycle time predictions if the impulse level is
basically correct. Also, disagreement with an experimental measurement

does not automatically mean that the prediction is in error. In making
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a presentation at a nonlinear mathematics conference held recently at
Rock Island, Professor R. Rivlin of Lehigh University remarked that in
his opinion, good experiments are more difficult to achieve than good
theory. Even if the measurements are accurately made, considerable
care must be exercised in their interpretation. For example, in the
M16 model, extraction force is taken as the applied force acting on the
cartridege case to resist motion: it does not include inertia forces
because the case and bolt are considered to be a single mass during extrac-
tion. However, when measured by strain gages on the extractor, extraction
force does include the force needed to overcome the inertia of the case.
Many sources of experimental errors exist, just as many such sources in
theorv exist. Certainly, the final authority rests with accurate exper-
imentation, but not all experimentation is accurate.

(c) Theoretical rigor should be sought where possible, but is not
essential for useful weapon models. In many cases, it is unjustified.
For example, one may naively assert that a model is seriously deficient
because, in determination of the extraction force, no plastic effects
were considered during the expansion of the cartridge case against the
chamber wall. However, inclusion of these effects would not necessarily
make the model more accurate because of the large uncertainties in co-
efficient of friction and gas-pressure distribution. Also, a power
series used to obtain a reasonable approximation to a highly complex
phenomenon may not converge in the mathematical sense. A model is not
invalid because someone thinks that, for example, Coulomb damping rather
than viscous damping should have been used in one of the force expressions;
in reality, probably neither is correct. The ultimate criterion for an
expression is whether it works satisfactorily for the purposes intended,
not whether it was rigorously derived from some theory. The construction
of weapon models is not a clean-cut process. No models would exist if
one insisted on complete rigor for all complex processes in a weapon.
In present models, a need exists to determine values of certain poorly
understood variables such as friction. This is often done by adjust-

ment of them within the bounds of reasonable values to force better
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agreement between model and experiment. The true values are unknown
anyway, so choosing them to improve model predictions makes sense.

Rigor in weapon models is merely one means to an end, not an end in
itself.

2.1.3.2 Second Attitude
The second extreme attitude is also unjustified for reasons stated

below:

(a) Mathematical modeling has many limitations. High confidence-
levels in the accuracy of certain predictions are presently not within
the realm of feasibility. For example, although manufacturing tolerances
may be set on certain orifices, model capability in the tolerance area is
virtually nonexistent. How often a weapon will malfunction; how a weapon
will be affected by cold weather, sand, fouling, and moisture; how much
rough usage a weapon can be subjected to before it malfunctions; and
many other important areas of study cannot be defined on the basis of
present models.

(b) Experimentation and experience are still essential in many
areas of weapon design, effectiveness, and reliability. Models are
merely useful tools. One of the areas of model development in need of
further exploration is that of model validation. "Verification"" or
"validation" of a complex weapon model by experiment is a nebulous con-
cept. The problem is complicated by (1) experimental uncertainty
(2) random processes by which measurements are caused to change from
round-to-round (3) an extremely large number of possible predictions
from a model, some of which will be in better agreement with experiment
than others, and most importantly, (4) a lack of criteria that can be

applied to determine when experimental and theoretical curves are in
satisfactory agreement, which curves, and how many such curves must be

in satisfactory agreement before a model can be considered "verified".

2.2 Authors' Approach

The approach taken by the authors in modeling weapons is to use
Newton's laws to describe the motion of each significant mass in the
mechanism. Each force acting on each mass is individually analyzed,

and mathematical expressions are obtained. Some of these forces do not
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act during various parts of the firing cycle. The logic capability of
the computer is used to insert or remove these forces at the correct
times. By this approach, the entire cycle is considered at once, and
no "phases" are established.

The philosophy outlined above and followed in this report is not
claimed to be either entirely unique or even best. It has produced
successful results and was carefully and thoughtfully developed over a
period of several years. Mr. Robert H. Coberly, Weapons Technology
Division, RIA, made many significant contributions to this development.

2.3 Related Work

In addition to the mathematical computer model M16 of the M16Al
Rifle described in this volume, other models also exist. One of these
was developed at Frankford Arsenal under the direction of F. Shinaly
primarily for the study of malfunction dynamics. An early version of
the Frankford model was used for the work described in Reference'. At

BRL, H. Gay and E. Wineholt constructed an analog-computer model®.

The advantages of an analog-computer are principally in short com-
putation time and in ease of making parametric variations. However, one
is usually much more limited in the size and complexity of a problem that
can be solved on this computer than one is when using commonly available
digital computers. Also, large modifications in the model can usually
be more easily accomplished on a digital computer. Modeling work with
a hybrid computer, in which analog and digital capabilities are combined,
has also been done at BRL. The use of such a computer for weapon models
appears to be very promising. One present disadvantage is that generally
the memory capacity of the digital portion is considerably less than that
of a computer such as the IBM 360/65.

Perhaps the greatest differences between the model described in
this report and other existing models lie in the larger amount of detail
sucorporatad into this model, the capacity of this model to approximately
analyze weapon dispersion, the specific modeling approaches used, and

ttie purposes for which the models were designed.

lGrandy, A.J.; Duffy, J.A.; Horchler, M.H.; and Ehle, P.E.; "Investiga-
tion of Bolt/Bolt-Carrier Clearances in the M16Al Rifle,'" Technical Note
TN-1159, Frankford Arsenal, Philadelphia, Pa. (May 1971)

°Gay, H.P. and Wineholt, E.M., "Analog Simulation of the Mechanism of the
M16A1 Rifle,'" BRL Report No. 1596, Aberdeen Proving Ground, Md. (Jun 1972)
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3.0 MI16Al1 RIFLE MODEL
3.1 Brief Description of Weapon Operation

The M16Al1 Rifle (Fig. 1) is a hand-held gas-operated 5.56mm weapon
and has both full-automatic and semi-automatic modes of operation. Ini-
tially the bolt is locked to the barrel extension, and the hammer is in
cocked position. When the trigger is pulled, the hammer is released by
the sear and strikes the firing pin. The firing pin then strikes the
primer, from which action the propellant is ignited. (The main compo-
nents of the M16Al are shown in Fig. 2). The pressure from the pro-
pellant gases acts on the main gun through the base of the cartridge
case and the locked bolt. When the projectile reaches the gas port,
which is located approximately 16 inches from the chamber, some gas is
redirected rearwardly along a gas tube to a cavity in the bolt-carrier.

The pressure in this cavity forces the bolt forward and the bolt-carrier

Figure 1 MI16A1 Rifle
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rearward. As the bolt-carrier moves rearwardly, a cam path cut in the

Figure 2 Components of M16Al Rifle

the carrier causes a pin rigidly connected to the bolt to turn. This
action causes the bolt to become unlocked from the barrel extension.
Just after the bolt is unlocked, the bolt pin strikes the forward end
of the cam path. The bolt-carrier now pulls the bolt rearwardly and
the bolt pulls the empty cartridge case from the chamber. As the bolt,
bolt-carrier, and buffer assembly continue rearward, their motion is
resisted by the drive spring acting on the buffer, the cocking of the
hammer, and the various frictional forces. At some point during this
rearward travel, a spring-loaded ejector expels the empty cartridge
case. A few milliseconds later, a polyurethane cap on the buffer assem-
bly usually comes in contact with the rear of the buffer tube in which
the entire buffer assembly and drive spring are housed; then the coun-
ter recoil begins. Part of the energy of the bolt, bolt-carrier, and

buffer is imparted to the main gun and mount, part is lost to permanent
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deformations and heat, and part is retained by the drive spring, which
must push the bolt, bolt-carrier, and buffer assembly forward again.

In counter recoil, the bolt impacts against the face of the top
cartridge in the magazine, strips it, and loads it into the chamber.
The bolt-carrier continues forward and, by means of the cam path, causes
the bolt to become locked to the barrel extension once again. Weights
in the buffer body continue to move forward a small distance and to
strike the end of the body. This impact counteracts a tendency for the
bolt-carrier to rebound and thus prevents premature unlocking. In the
full-automatic mode, just prior to completion of locking, the bolt-
carrier trips the sear by which action the hammer is released from its
cocked position. The hammer moves forward and strikes the firing pin;
the operating cycle is repeated. In the semi-automatic mode, the sear
is not tripped, and the hammer does not move forward until the trigger

is depressed again.
3.2 General Equations of Motion for the M16Al Rifle

In writing the equations of motion, the authors followed a Newtonian
rather than a Lagrangian approach. For the present problem, where there
were not a large number of irrelevant constraint forces, the equations could
be found more simply through Newton's laws. Both approaches ultimately yield
the same results.

Separate coordinate systems are established for each component mass.

One coordinate system is constructed for rifle rotation, and the rotation
angle is defined as zero when the barrel is horizontal. The origin of each
coordinate system is fixed with respect to the ground. Positive axial direc-
tions are in the direction of initial bullet velocity. Positive rotation is
that which causes the muzzle to move away from the ground.

The equations of motion and their initial conditions are listed below.
These are written with only general expressions for the forces. A summary of
forces is given (after this list of equations of motion) in which a brief
physical description of each is provided (Table 1). The detailed mathematical
descriptions of both axial and rotational forces are included in Appendix A.
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a. Bolt .
MB(E) XB = FB(1) + FB(2) + FB(3) + FB(4) + FB(5) + FB(6)

+ FB(7) + FB(8) + FB(9) + FB(11) + FB(12)
At t =0: X =0, X_ =
=00y -

X, = position of center of gravity of bolt
FB(i) = ith force acting on bolt as discussed in Appendix A.

= effective mass of bolt = .156 1b after a new round
has been stripped from the magazine, but before the
round is fired
MB(E) = .143 1b after the round has been fired, but before
the case is ejected
= .130 1b after the cartridge case has been ejected,
but before a new round is obtained from the
magazine
XB =0
(o]
b. Bolt—Carrier

Mpo Xpe = FBC(1) + FBC(2) + FBC(3) + FBC(4) + FBC(S) + FBC(6)

FBC(7) + FBC(8) + FBC(9) + FBC(10) + FBC(11) + FBC(12)

At t =0: X, =0,

BC =2

XBC BC
o

BC ~ position of center of gravity of bolt-carrier

P
|

FBC(i) = ith force acting on bolt-carrier as discussed in
Appendix A,
MBC = mass of bolt-carrier = .586 1b
XBCO = .7 x 107 inch

c. Main gun structure
MMG(E)iéMG = FMG(1) + FMG(2) + FMG(3) + FMG(4) + FMG(5) + FMG(6)
+ FMG(7) + FMG(8) + FMG(9) + FMG(10) + FMG(11)
+ FMG(12) + FMG(13) + FMG(14) + FMG(15)

At t = 0: XMG =0, XMG = XMGO

XMG = position of center of gravity of main gun
FMG(i) = ith force acting on main gun as discussed in
Appendix A.
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Myo(g) = Effective mass of main gun = 6.2 + .0252(N-19) 1b

N = Number of rounds of ammunition in magazine at any
given time
e =0
0

d. Buffer tube
3 = FBUFF(1) + FBUFF(2) + FBUFF(3) + FBUFF(4)
+ FBUFF(5) + FBUFF(6)

At t = 0: X 0, X

Maurr XBUFF

X

BUFF BUFF BUFF_

XBUFF = position of center of gravity of empty buffer tube

FBUFF (1)
MBUFF = mass of empty buffer tube =,0987 1b

]

ith force acting on buffer tube

156 = 102 dneh

XBUFF
o

e. Buffer weights
Option 1: Lumped mass system

Mrorar  Ywrs = Furs

At t = 0 X =0, X = XWTSO

Xurs = position of center of gravity of buffer weight

system
F = force acting on buffer weights as described in
WIS
Appendix A.
MTOTAL = Total mass of all buffer weights = .224 1b
XWTS = .0014 inch when weights are completely forward
in tube
= —.129 inch when weights are completely rearward
in tube

Option 2: Individual masses
(i = 1,2,3,4,5)

= + + + FM
Mi Xi FMi,l FMi,Z FM1,3 i,4
At t = 0: Xi = 0, Xi = Xio
Xi = position of center of gravity of ith mass

" jth force acting on ith mass as described in
»J Appendix A.

2
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M = i i = = = = .
; = mass of ith buffer weight (Ml M2 M3 M4 0406 1b,
MS = .0616 1b)
Xi = .0014 inch when weights are completely forward in tube

© =-.129 inch when weights are completely rearward in tube

f. Hammer

IH 6 = TSPRING - rzcos(oc2 + 0) FMG(7) -r cos(a + 6) FBC(8)

- MH[r0 cos 6] iH

0: 6 =0, 0 =20

At t

8

rotational position of hammer

TSPRING = torque exerted by hammer spring = 6 in-1b

FMG(7) and FBC(8) are forces acting between hammer and main gun
and between hammer and bolt-carrier as discussed in Appendix A.

IH = moment of inertia of hammer about an axis through the
pivot point = .000015 slug—ft2

6 = -70°
o

MH = mass of hammer = .0683 1b

r, = distance from c.g. of hammer to pivot point of hammer =
.75 inch

g. Rifle rotation

T % = Tsnourper * Tmopy * TINTERNAL
GUN MOTION
At £t =0 éG =0, BG = any angle of elevation, typically 0°
TSHOULDER’ TBODY’ a5 TINTERNAL are torques acting on the
GUN MOTION rifle as described in Appen-
dix A.

I, = Moment of inertia of the rifle about its center of gravity
G 2
-135 slug-ft

[

h. Exterior ballistics (neglecting drag)

i

d 5 i
Z=—%8(R-yi) +ziRyi + Z
3-,2
i

i
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vertical coordinate of projectile impact point at range R

R = horizontal coordinate of projectile impact point

z, = vertical coordinate of projectile at exit from barrel
Ei = vertical velocity of projectile at exit from barrel
&i = horizontal velocity of projectile at exit from barrel

See Appendix H for derivation.

3.3 A Note on Initial Conditions

Initially, unbalanced forces must not be present on any of the
weapon components. Forces that must be balanced are the preload force
from the drive spring that acts on the buffer tube and gravity forces
that act on the masses when the weapon is elevated. These forces are
balanced by the allowance of extremely small penetrations of the bolt
pin into the forward end of the cam path, and the buffer tube into the

b;lt—carrier. Thus, if FPRELOAD = drive spring preload force,
then

» _ - =3
XBCO = [FPRELOAD g(sin BE)(MBC + MBUFF)] / Kpe = -7 x 10 “inch

and
— = = _3
*purr_ = XBCO * [Fprepoap 8(sin Op)Mpypgl / Kyypp = 1.4 x 10 7 inch

3=7



X9
20.
213
22.

23.

24,

25.
26.

2t

TABLE 1 SUMMARY OF FORCES

BRIEF DESCRIPTION OF FORCE

BOLT
Breech force FB(1)
Friction between bolt and FB(2)
ammo
Impact between bolt and FB(3)
barrel and engagement of
extractor
Friction between bolt and FB(4)
bolt carrier
Force at end of cam path FB(S)
when rifle s not locked
Unlocking force Fe(e)
Locking force FB(T)
Force at end of cam path FB(8)
when rifle 1s locked
Stripping of ammo from FB(9)
magazine
Pressure in bolt carrier FB(10)
cavity
Extraction force FB(11)
Gravity force on bolt Fe(12)

Interaction between bolt
carrier and buffer body

Friction between bolt
carrier and main gun

Constraint force between
hammer and bolt carrier

Friction between bolt
carrier and ammo

Friction between harmer
and bolt carrier

Gravity force on bolt
carrier

Mount force
Drive spring force
Bore friction

Impact between hammer
and main gun

Constraint force between
hammer ané main gun

Impact between buffer
tube and backplate

Gravity force on main gun

Friction between buffer
tube and main gun

Gravity force on buffer tube

NOTE: FBUFF(3) is equal

BOLT
CARRIER

FBC(1)
Fac(2)

FBC(3)
FBC(S)
FBC(4)

FBC(9)

FBC(6)
FBC(7)
FBC(8)
FBC(10)
FBC(11)

FBC(12)

MASS RECEIVING THE

FORCE

MAIN BUFF
GUN BODY

FMG(2)

FMG(3)

FMG(15)

FMG(10)

FBUFF(1)

FMG(4)

FMG(12)

FMG(13)

FHMG(1)
FMG(5) FBUFF(3)*
FMG(6)
FMG(7)

FHG(8)
FMG(9) FBUFF({2)

FMG(11)
FMG(14)FBUFF(6)

FBUFF(4)

HAMMER

FHAM(1)

FHAM(2)

FHAM(3)

BUFF.
MASS
1

BUFF.
MASS
2

BUFF,
MASS
3

BUFF.
MASS

BUFF.
MASS

and opposite to FMG(5) under static conditions

3-8



TABLE 1 SUMMARY OF FORCES (cont'd)

BRIEF DESCRIPTION OF FORCE

MASS RECEIVING THE FORCE

BOLT HAIH
BOLT CARRIER GUN

28. Interaction between buffer
and all buffer weights

29. Spri.g interaction between
tubeand 1st buffer weight

30. Spring interacticn botween
1st and 2nd buffer weights

31. Friction between tube and
1st buffer weight

32. Gravity force on Ist
buffer weight

33. Spring interaction between
2nd and 3rd buffer weights

34, Friction between tube and
2nd buffer weigh.

35. Gravity force on 2nd
buffer weight

36. Spring interact’on between
3rd and 4th buffer weights

37. Friction between tube and
3rd buffer weight

38, Gravity force on 3rd
buffer weight

39. Spring fnteraction between
4th and 5th buffer wefghts

40. Friction between tube and
4th buffer weight

41. Gravity forc2 on 4th
buffer weight

42. Spring interaction between
tube ind S5th buffer welight

43. Friction between tube and
Sth buffer weight

44. Gravity force on 5th
buffer weight

NOTE: That FBUFF(5) = Z FBUFF(S):L

i=1

BUFF
BODY

FBUFF(5),

FBUFF(5),

FBUFF[E)s

raurr{sl,

FBUFF(S}s

FBUFF(5)

FBUFF(5),

HAMMER

BUFF,
MASS
1

FNT.3
F"l,l

LI
P o
A

M4

BUFF.
MASS

Fan

F"Z,Z

FME,B

)4

BUFF.
MASS

F"3.3

L

»

FH3,2

3,3

FM

BUFF,
MASS

FM

FH4.2

g3

M

F”5.l



3.4 Examples of Model Predictions

A number of predictions are now presented as examples of data that
can be generated from the model. These predictions include peak forces,
impulses, energies, force shapes, and component motioms.

3.4.1 Summary of Predicted Peak Forces, Impulses, and Energies

Predicted peak forces that act on the bolt-carrier, bolt, main gun,
and buffer tube are contained in Tables 2 thru 5. Computed impulses and
energies associated with these forces are represented by bar graphs in
Figures 3 to 6. To evaluate the significance of a particular force,
one must consider all three indicators. A force can have a high value
in one category, but a low value in another. Regardless of impulse or
energy value, a high peak force can be significant for material strength
and fatigue consideratioms.

From these tables and figures, one can draw quantitative conclusions
about the influence of each force in the model. A number of qualitative
conclusions are mentioned below:

a. Forces applied at the ends of the cam paths and the gas pressure in
the bolt-carrier cavity are of greatest significance to the motion of the
bolt-carrier. In the nominal case, friction forces are the least signi-
ficant, although in some circumstances they can, in practice, be large
enough to stop weapon operation. The most likely areas for fatigue are
at the ends of the cam paths.

b. The motion of the bolt is strongly influenced by the force between
the bolt pin and the end of the cam path, and the gas pressure in the
bolt-carrier cavity.

¢c. The mount, breech force, bore friction, drive spring, and the impact
between buffer tube and backplate are most significant to the motion of
the main gun. Thus, these are factors that affect accuracy.

d. The motion of the buffer tube is strongly affected by interaction
with the bolt-carrier, impact with the backplate, the drive spring, and
interaction with the buffer weights.

Although the forces mentioned are those that are most influential
from the point of view of magnitude, the weapon could not be operated

without the many small forces that cause events to occur in the right

sequence at the right time. 3-10



TABLE 2 CALCULATED PEAK FORCES IMPARTED IN THE FIRST CYCLE TO THE
BOLT-CARRIER

" FBC(1)
FBC(2)
FBC(3)
FBC(4)
FBC(5)
FBC(6)
FBC(7)
FBC(8)
FBC(9)

FBC(10)

FBC(11)

FBC(12)

FORCE SYMBOL AND BRIEF DESCRIPTION

Friction between bolt and bolt-carrier
Force at end of cam path when rifle is not locked

Unlocking force

Force at end of cam path when rifle is locked

Locking force

Interaction between bolt-carrier and buffer tube
Friction between bolt-carrier and main gun
Constraint force between hammer and bolt-carrier
Pressure in bolt-carrier cavity

Friction between bolt-carrier and ammo

Friction between hammer and bolt-carrier

Gravity force on bolt-carrier

PEAK FORCE (1b)

.26
440,
35.
308.
18.4
310.
.37
52.
520.
2.67
1.21
0.0

TABLE 3 CALCULATED PEAK FORCES IMPARTED IN THE FIRST CYCLE TO THE
BOLT

FB(1)
FB(2)
FB(3)
FB(4)
FB(5)
FB(6)
FB(7)
FB(8)
FB(9)

FB(10)
FB(11)
FB(12)

FORCE SYMBOL AND BRIEF DESCRIPTION

Breech force
Friction between bolt and amino

Impact between bolt and barrel and engagement of extractor

Friction between bolt and bolt-carrier
Force at end of cam path when rifle is not locked
Unlocking force

Locking force
Force at end of cam path when rifle is locked
Stripping of ammo from magazine

Pressure in bolt-carrier cavity

Extraction force

Gravity force on bolt

3-11

PEAK FORCE (1b)

2185,
2.67
158.
.26
440.
35.
18.4
308.
6.91
520.
.94
0.0



TABLE 4 CALCULATED PEAK FORCES IMPARTED IN THE FIRST CYCLE TO THE

FMG (1)
FMG(2)
FMG(3)
FMG (4)
FMG (5)
FMG (6)
FMG(7)
FMG (8)
FMG(9)
FMG (10)
FMG(11)
FMG(12)
FMG(13)
FMG (14)
FMG(15)

MAIN GUN

FORCE SYMBOL AND BRIEF DESCRIPTION

Mount force

Friction between bolt and ammo

Impact between bolt and barrel and engagement of extractor
Friction between bolt-carrier and main gun
Drive spring force

Bore friction

Impact between hammer and main gun
Constraint force between hammer and main gun
Impact between buffer tube and backplate
Extraction force

Gravity force on main gun

Friction between bolt -carrier and ammo
Friction between hammer and bolt-carrier
Friction between buffer tube and main gun

Stripping of ammo from magazine

PEAK FORCE (1b)

44.3
2.67
158.
.37
22,
325.
258,
85.5
318.
.94
0.0
2,67
1.21
.33
6.91

TABLE 5 CALCULATED PEAK FORCES IMPARTED IN THE FIRST CYCLE TO THE

BUFFER TUBE

FORCE SYMBOL AND BRIEF DESCRIPTION

FBUFF(1) Interaction between bolt carrier and buffer tube

FBUFF(2) Impact between buffer tube and backplate

FBUFF(3) Drive spring force
FBUFF(4) Gravity force on buffer tube

FBUFF (5)

FBUFF(6) Friction between buffer tube and main gun

3-12

Interaction between buffer tube and all buffer weights

PEAK FORCE (1b)

310.

318.
19.0
0.0

144.
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IFBC; dt {lbs, sec )

IMPULSE FROM EACH BOLT CARRIER FORCE

1.2
wriBl
-.45
-.0001  -.01 02 -.004 -.004
1 . — XN 0
FBC, FBC, FBC, FBC, FBCq FBCy FBC, FBCy FBCg F8Cjo  FBCy  FBCyp
fsac,axac (. = 1bs.)
ENERGY FROM EACH BOLT CARRIER FORCE
13.1
-4.0 =518
-.001 -41  -67 -.04 -. = 36 ~&3 -.46 0
- - a5
FBC, FBC'Z FBC3 FBCy4 FBCs FBCG FBCF FBCS FBCQ FBC‘O FBC"

FBCyp

Figure 3 Computed Impulse and Energy Imparted by Each Bolt-Carrier Force
-1.2

IFBIGI li1bs = ec.)

IMPULSE FROM EACH BOLT FORCE

.81
.45
.01 -.04 .0001 ; = _
=5 o ez . AL .0-04 = '-!004 0
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IFB—,ﬂXg (It = 1bs.)
ENERGY FROM EACH BOLT FORCE
-3.6
2.6 2.8
-.42
-.23
-.17 -.01 .04 02 - -.07
e - - — i = 0
FBI FBy FB‘.j FB, Fes FBg FB-, Fas FBQ EB

10 FByy F8y2
Figure 4 Computed Impulse and Energy Imparted By Each Bolt Force
NOTE:

All integrals are for the first cycle, and rifle is rigidly mounted,
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Figure 6 Computed Impulse and Energy Imparted By Each Buffer-Tube Force

NOTE: All integrals are for the first cycle, and rifle is rigidly mounted
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3.4.2 Predicted Force Shapes (Cocking, Unlocking, Mount, Drive-Spring)

Cocking and unlocking forces on the bolt-carrier are shown in
Figure 7. With this model, a very sharp rise and a gradual decay over
approximately two milliseconds are predicted for both forces.

The force felt at the shooter's shoulder during one cycle is shown
in Figure 8. Peaks occur as results of the breech pressure and the im-
pact of the buffer tube on the backplate.

Drive-spring forces are shown in Figure 32. Note the delay in the
response of the rearward end of the drive-spring after the forward end
is displaced.

3.4.3 Predicted Component Motions

Displacement and velocity are predicted as functions of time for the
bolt, bolt-carrier, main gun, and hammer (Figures 9-12). Key events are
also noted on these graphs. Accelerations have such large fluctuations
that they cannot be plotted effectively on graphs of this size. All

graphs shown begin with hammer release at time equal to zero.

|

ST | | [N

40

UNLOCKING FORCE, FBC(3) tlbll : —
COCKING FORCE, FBC(8) (Ib)il...:.. ...

|
LES: = B IR T O s R R e e
" TIME FROM HAMMER RELEASE (milliseconds) e hen
boibisdo g bbb S ben i itap s pn s guenp PG |3 0| s St

Figure 7 Computed Cocking and Unlocking Forces on Bolt-Carrier vs Time
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Figure 9 Computed Displacement and Velocity of Bolt vs Time
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Figure 12 Computed Rotational Displacement and Velocity of Hammer vs Time

3.5 Agreement with Experiments

Comparison of predicted and experimental results is an important way
to gain confidence in the model and to find areas in need of improvement.
However, one must be cautious in the conclusions drawn from such a com-
parison. One should keep in mind that the experiments were made with cer-
tain lubrication and mounting conditions, certain initial positions of the
buffer weights, etc. Not all of these factors are known precisely, and
thus the model does not reflect exactly these same conditions. Also, the
experimental measurements have a range of uncertainty because of a wide
variety of potential error sources. Some phenomena are very difficult to
isolate experimentally. One of the greatest advantages and strong points
of a model is its ability to predict trends (as opposed to absolute values),
and these are seldom available from experimental measurements. Note that
virtually any model with a large number of parameters can be adjusted so
that any experimental trace desired can be duplicated.

The key question is whether, once the parameter values are set on
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the basis of one curve, these values remain valid when other curves are
predicted. Thus, the validity and usefulness of a model is not determined
by whether cyclic time, extraction force, or other measured values coin-
cide exactly with predicted values. The whole area of model validation is
presently a nebulous one. No established criteria exist that, if met,
render the model "verified." This aspect of weapon modeling deserves much
additional study.

A number of model predictions will now be compared with published
experimental data. These predictions include bolt-carrier velocities,
cycle time, time for hammer fall, cocking-and-friction energy, drive-

spring energy, friction energies, and time-displacement data.

3.5.1. Bolt-carrier velocities for rigid mount

TABLE 6 COMPARISON OF PREDICTED AND EXPERIMENTAL BOLT-CARRIER VELOCITIES

COMPUTED EXPERIMENTAL EXPERIMENTAL

VALUE VALUE RANGE
POSITION OF BOLT-CARRIER ft/sec ft/sec ft/sec
.64 in  from locked position 17.8 18.4 (16.6 to 20.2)
(recoil stroke)
.64 in. forward of position 15.7 15.2 (13.7 to 16.7)
at time of buffer/backplate
impact (recoil stroke)
.64 in. forward of position 6.26 7.9 (7.1 to 8.7)

at time of buffer/backplate
impact (counterrecoil stroke)

.64 in. rearward of position 10.6 10.8 (9.7 to 11.9)
at which impact with bolt
pin occurs (counterrecoil stroke)

The source of the experimental values in Table 6 is Ref !. The experi-

mental accuracy stated in this report is *107%.

lGrandy, A.J.; Duffy, J.A.; Horchler, M.H.; and Ehle, P.E.; "Investiga-
tion of Bolt/Bolt-Carrier Clearances in the M16Al Rifle," Technical Note
TIN-1159, Frankford Arsenal, Philadelphia, Pa. (May 1971)
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3aba 2y Cycle time

Note that recoil time is defined here as the time from when the
bolt-carrier first begins rearward motion until the buffer body rebounds
from the closed end of the buffer tube. Counterrecoil time is the time
from when the bolt-carrier begins to move forward until the end of the
cam path strikes the bolt pin after locking. The dwell time is defined as
the time from when the end of the cam path strikes the bolt pin until
the bolt-carrier begins to move rearward again. Cycle time is the sum of

recoil, counterrecoil, and dwell times. These times are compared in Table 7.

TABLE 7 COMPARISON OF PREDICTED AND EXPERIMENTAL RECOIL, COUNTERRECOIL,
DWELL, AND CYCLE TIMES

Recoil Time Counterrecoil Time Dwell Time Cycle Time

Experimental 23 38 10 71
Computed 21 39 10 70

NOTE: All times are in milliseconds

3.5.3. Hammer-fall time

In the automatic mode of fire, the time for hammer-fall is computed
to be 10.3 milliseconds. Experimental measurements of the time for
hammer-fall after sear release varied between 10 and 11 milliseconds
during 20 trials. See page 13 of Ref!. (In the semi-automatic mode,
the computed time is 9.9 milliseconds.)

3.5.4. Cocking-and-friction energy

The subject of this comparison is the integral, over bolt-carrier
displacement, of the cocking force -acting on the bolt-carrier and of
the frictional force acting between the bolt-carrier and the hammer as
the bolt-carrier is recoiling. Some of the difference between computed
and experimental values can be attributed to the fact that the experi-
mental measurements were not under realistic dynamic conditions; quasi-

steady measurements were made with an Instron testing machine.

1Grandy, A.J.; Duffy, J.A.; Horchler, M.H.; and Ehle, P.E.; "Investiga-
tion of Bolt/Bolt-Carrier Clearances in the M16Al Rifle," Technical Note
TN-1159, Frankford Arsenal, Philadelphia, Pa. (May 1971)
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The results®:
Experimental 14.0 in-1b
Computed 17.7 in-1b
Computer results indicate that more than enough energy is imparted to
the hammer to fully cock it.
3.5.5. Drive-spring energy

The computed integral of spring force over buffer-body displace-
ment is compared to quasi-steady experimental results obtained with an

Instron testing machine®.
Computed 45.5 in-1b
Experimental 36.2 in-1b

3.5.6. Frictional energies

a. Integral, over bolt-carrier displacement, of the drag force
acting on the bolt-carrier in counterrecoil.l
Computed 3.2 in-1b
Experimental 3.0 in-1b

b. Integral, over bolt-carrier displacement, of the drag force
acting on the bolt-carrier as it moves rearward over the uppermost round
in the magazine?,

19 rounds in magazine: Computed 8.1 in-1b
Experimental 8.1 in-1b

10 rounds in magazine: Computed 6.3 in-1b
Experimental 7.1 in-1b

2 rounds in magazine: Computed 4.7 in-1b
Experimental 5.5 in-1b

¢. Integral, over bolt displacement, of the stripping force

required to remove a round from the magazines.

lGrandy, A.J.; Duffy, J.A.; Horchler, M.H.; and Ehle, P.E.; "Investiga-
tion of Bolt/Bolt-Carrier Clearances in the M16Al Rifle'", Technical

Note TN-1159, Frankford Arsenal, Philadelphia, Pa. (May 1971)

SGay, H.P. and Wineholt, E.M., "Analog Simulation of the Mechanism of

the M16A1 Rifle,"BRL Report No. 1596, Aberdeen Proving Grd, Md. (Jun 1972)
Pg 23

6Brosseau, T.L., "Kinematic Study of the M16Al Rifle," Ballistic Research
Laboratories Report No. 2153, Aberdeen Proving Grd, Md. (Jan 1972)
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19 rounds in magazine: Computed 7.4 in-1b
Experimental 7.4 in-1b

10 rounds in magazine: Computed 5.7 in-1b
Experimental 6.3 in-1b

2 rounds in magazine: Computed 4.2 in-1b
Experimental 3.2 in-1b

3.5.7. Time-displacement data

In Figure 13, one can compare theoretical and experimental time-
displacement curves and the times of occurrence for various events.
The exact conditions under which the experimental curve was established
are not known. The curve was simply matched with a typical predicted
curve that had about the same cycle time. Note that the cycle time
varies widely, depending on the number of shots previously fired, the
number of rounds in the magazine, the initial buffer weight positions,
etc. Such a comparison cannot show that either the experimental or the
theoretical resulps are correct, but only that they are in general
agreement. Nothing more could be said even 1f the curves were to match
perfectly.

3.5.8. Effect of mounting conditions

Experimental results indicate that cycle time is somewhat longer
for soft mounting conditions than for stiff mounting conditions. The
reason is that, when the recoiling parts strike the backplate of a soft-
mounted weapon, they impart more of their momentum to the main gun. Thus,
the initial counterrecoil velocity of the operating parts is slower, and
more time is required for these parts to return to battery. For a stiff-
mount spring constant of 10,000 pounds per foot, and a soft-mount spring
constant of 300 pounds per foot, the difference in cycle time ranged from

1

3 to 4 milliseconds. Reference indicates an experimental variation in

cycle time of 1.7 to 4.7 milliseconds.

1Grandy, A.J.; Duffy, J.A.; Horchler, M.H.; and Ehle, P.E.; "Investiga-
tion of Bolt/Bolt-Carrier Clearances in the M16Al Rifle'", Technical
Note TN-1159, Frankford Arsenal, Philadelphia, Pa. (May 1971)
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Figure 13 Computed and Experimental Bolt-Carrier Displacement vs Time

3.6 Sensitivity Analysis

One important use of a math model of a weapon is the conduct of a
sensitivity analysis through parametric variations. Such a study is
often very costly and difficult to perform experimentally because of
the need to physically alter weapon components and the need to repeat
many tests a large number of times to remove random variations from
causes other than part modification. A sensitivity analysis is a very
helpful tool with which to uncover potential malfunctions. In practice,
small variations in parameters such as drive spring stiffness actually
occur, and a model can be used to determine just how great these vari-
ations can be before performance 1s adversely affected. Also, one
acquires a good idea of what particular design change might improve

performance.
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A sensitivity analysis was performed with the use of the M16Al

model.

except in Figure 21.

the simultaneous variation of a number of parameters.
cycle time were studied as the parameters were varied.
several peak forces was also predicted.

and observations on each graph are presented below.

In this study, single parameters were varied independently,

A much wider area of investigation would involve

Accuracy and

The effect on

The variations were plotted,

Also, comparisons

are made with results from a sensitivity analysis performed with a model

of the XM19 Rifle.

3.6.1 Sensitivity Analysis Graphs (Figures 14-30)

a.

(Fig. 14).

Computed Accuracy and Cycle Time vs Drive Spring Constant

Neither accuracy nor cycle time appear to be greatly

affected by reasonable varilations in spring constant that might occur

in practice.

to get a 1 percent change in cycle time.

Roughly, a 6 percent change in spring constant is needed
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Figure 14 Computed Accuracy and Cycle Time vs Drive Spring Constant
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EXTREME SPREAD FOR TWO SHOTS (mils) |

[—- :

b. Computed Accuracy and Cycle Time vs Linear Mount Spring Con-
stant (Fig. 15). The spring referred to here represents the shooter's
shoulder and should be distinguished from the torsional spring that
represents the rest of the body. In the lower range of spring stiff-
nesses, characteristic of most men's shoulders, cycle time is moderately
sensitive to spring stiffness and tends to decrease as stiffness increases,
At higher values, sensitivity is low. Accuracy is also moderately sensi-
tive to the spring constant in the lower range of values and tends to
increase with spring stiffness. Accuracy tends to decrease with stiff-

ness in the higher range, but this range is not realistic for a shoulder

mount.
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Figure 15 Computed Accuracy and Cycle Time vs Linear Mount Spring
Constant
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c. Computed Cycle Time vs Number of Rounds in Magazine (Fig. 16).
Cycle time shows a slight increase with number of rounds. Variation up

to about 1/4 millisecond can be expected from a 20-round magazine.

7 |

~TIME FOR FIRST CYCLE (milliseconds)

i o e 15 1106 0 RS FEPEMPE R EER) L ) et O O
el R E NUMBER OF ROUNDS IN MAGAZINE, n:fi

ST Wt P I ? cote el e

Figure 16 Computed Cycle Time vs Number of Rounds in Magazine

d. Computed Accuracy vs Torsional Mount Spring Constant (Fig. 17).
The torsional spring here represents the resistance of the shooter's
body to pivoting about the hips. A 33 percent increase in spring stiff-
ness tends to increase accuracy by about 13 percent. Thus, from Figures
15 and 17, one can see that the model predicts that a stiff body, but a
soft shoulder tends to be beneficial to accuracy. This tendency
should be further explored when the more sophisticated man-model is

incorporated.
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e. Computed Cyclic Time vs Cavity Area (Fig. 18). This variation
in area is equivalent to a uniform increase in pressure over the nom-
inal cavity area in the bolt-carrier. Cycle time is sensitive to this
variation. An 18 percent increase in cavity area (or pressure) causes
about a 16 percent decrease in time for the first cycle. Thus, one can
expect that this weapon is sensitive to round-to-round variations in
ammunition.

f. Computed Stripping and Friction Forces vs Number of Rounds
in Magazine (Fig. 19). One can expect that stripping force may vary
about three pounds, and that friction between bolt-carrier and ammuni-

tion may vary about one pound as rounds are removed from the magazine.
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g. Computed Accuracy and Cycle Time vs Breech Pressure Impulse
(Fig. 20). This weapon exhibits a very high sensitivity of accuracy
to breech pressure impulse. A 10 percent increase in breech pressure
impulse can result in an accuracy loss of roughly 17 percent and a
decrease in cycle time of about 4 percent. Thus, round-to-round vari-

ations in ammunition can be expected to significantly affect performance.
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(T3
e

..._i TIM
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e z PREE Cenyk
i I

"7 NOMINAL VALUE T

1 o ‘ R R R (M| R

HETTET BREECH PRESSURE IMPULS
Figure 20 Computed Accuracy and Cycle Time vs Breech Pressure Impulse

h. Computed Accuracy vs Breech Pressure Impulse (Fig. 21). The
difference between Figure 21 and Figure 20 is that here the pressure
in the bolt-carrier cavity is allowed to change with breech pressure.
A 1 percent increase in breech pressure impulse accompanied by a 1
percent increase in cavity pressure impulse results in about a 1 per-

cent decrease in accuracy.
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Figure 21 Computed Accuracy vs Breech Pressure Impulse

i. Computed Cycle Time vs Ignition Delay (Fig. 22). Cycle time is
relatively insensitive to ignition delay. A 14 percent increase in igni-

tion delay causes only about a 1 percent increase in cycle time.
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Figure 22 Computed Cycle Time vs Ignition Delay
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j. Computed Cycle Time vs Ignition Delay (Fig. 23). The differ-
ence between this graph and Figure 20 is that here the ignition delay
is in a more realistic range. Very little effect on cycle time is
observed. This behavior is in contrast with that of the XM19 Rifle
where the effect is much more significant. (See Part II of this report).
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Figure 23 Computed Cycle Time vs Ignition Delay

k. Computed Accuracy vs Moment of Inertia of Rifle (Fig. 24).
Accuracy of the M16Al does not appear to be highly sensitive to the
moment of inertia of the rifle about an axls through the center of
gravity and perpendicular to the bore and gravity axes. A 10 percent
increase in moment of inertia increases accuracy by about 3 percent.

1. Computed Unlocking Force and Cycle Time vs Length of Cam
Path (Fig. 25). The peak unlocking force and the cycle time have a
definite tendency to decrease as the length of the cam path in the

bolt is increased. The force is more sensitive than is cycle time.
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m. Computed Accuracy and Cycle Time vs Mass of Bolt (Fig. 26). A
10 percent increase in the mass of the bolt leads to only a 2 percent
increase in cycle time and less than a 1 percent change in accuracy.
Accuracy both increases and decreases with bolt mass. Thus, the mass

of the bolt does not appear to be highly critical.
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Figure 26 Computed Accuracy and Cycle Time vs Mass of Bolt

n. Computed Accuracy and Cycle Time vs Mass of Bolt-Carrier (Fig. 27).
A 10 percent increase in the mass of the bolt-carrier leads to roughly a
4 percent increase in cycle time. No definite trend is apparent for
accuracy. Performance appears to be only slightly more sensitive to
variations in bolt-carrier mass than to variations in bolt mass.

0. Computed Accuracy and Cycle Time vs Drive Spring Preload (Fig. 28).

Cycle time and accuracy appear to be more sensitive to reductions in

preload rather than to increases in preload. A 10 percent reduction in

preload leads to a 3 percent increase in cycle time and a 7 percent
increase in accuracy.
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p. Computed Accuracy and Cycle Time vs Initial Buffer Weight

Positions (Fig. 29). According to the model, cycle time for the first

shot is highly dependent on the initial positions of the buffer weights
and can vary as much as 10 milliseconds. However, the effect tends to
quickly diminish in succeeding shots. Shot spread for two rounds can
vary by as much as 1 milliradian.
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Figure 29 Computed Accuracy & Cycle Time vs Initial Buffer Weight Positions

q. Computed Accuracy and Cycle Time vs Bore Friction Impulse (Fig. 30).
Cycle time is not affected by bore friction for the first shot. However,
a 5 percent increase in bore friction impulse increases accuracy by about
1 percent. The reason is that bore friction tends to counteract the

breech impulse.
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3.6.2

Sensitivity Analysis Graphs (Figures 14-30) Observations

The most significant parameter of those examined that affect accur-

acy is breech-pressure impulse.

A + 20 percent variation (.99 to 1.47

lb-sec) of impulse leads to a variation of shot spread from 6.6 to 10

mils.

Changes of + 20 percent in the following parameters have little

effect (less that .5 milliradian) on the accuracy of the weapon: drive

spring constant, mass of bolt moment of inertia of the rifle, mass of

the bolt~carrier, and bore-friction impulse.

Mechanical properties of

the shooter are seen to have a significant effect on accuracy.

spring preload has a moderate effect.

Drive

The most significant parameter of those examined that affect cycle

time is the cavity area in the bolt-carrier.

A 20 percent variation

about the nominal area causes cycle time to vary from 61 to 82 milli-

seconds.
ly significant for the first round.

zine appears to have little effect.
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The initial positions of the buffer weights appear to be high-
The number of rounds in the maga-

With two rounds in the magazine,



the cycle time is 64 milliseconds, whereas the cycle time is 66 milli-
seconds with nineteen rounds. A decrease in the length of the cam path
by 20 percent causes the cycle time to change from 66.5 to 70.5 milli-
seconds. The reason is that the gas forces have a shorter time over
which to impart momentum to the bolt-carrier.

In Part II of this two-report series, a complete discussion appears
in which performance of the M16Al Rifle is compared with that of the
¥M19 Rifle. The results are based on mathematical models of both weapons.
From this study, accuracy appears to be slightly more sensitive to
changes in moment of inertia of the rifle in the M16Al. Also, the M16Al
cycle time is more sensitive to changes in the drive spring constant,
in mount stiffness, and in ignition delay. However, sensitivity to
changes in drive spring preload appears to be somewhat greater in the

XM19.

3.7 Additional Comments on the Buffer and Drive Spring

The buffer assembly in the M16Al was designed to provide a secondary
impulse to the bolt-carrier. This impulse is needed to prevent the bolt-
carrier from bouncing rearward just after locking. If the bounce is too

great, a misfire can result. With the use of the model, a check was made

to determine if the buffer does indeed perform this function. By setting
the spring constants and damping coefficients between the buffer weights
to zero, one effectively removes the influence of the buffer weights on
the weapon. When this is done, the model predicts a bolt-carrier rebound
of about 1/16th of an inch. The weapon begins to unlock, but the drive
spring on the buffer body prevents complete unlocking. When the influence
of the buffer weights is included in the model, virtually no rebound
occurs. The reason 1s attributed to the secondary impact of the buffer
weights on the forward end of the buffer body. The model predicts that
this impact occurs 1.2 milliseconds after the bolt-carrier strikes the

bolt pin at the end of locking.
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The inertial effects of the drive spring have a very significant
effect on the operation of the M16Al Rifle. Initially, the drive spring
was considered to behave linearly, and inertial effects were accounted for
by the addition of one-third of its mass to the mass of the buffer body.
With this kind of model, the bolt-carrier and buffer body were observed
to separate just after unlocking and the buffer continued rearwardly at
a faster rate than the bolt-carrier. The reason is that the picking up
of the bolt by the bolt-carrier decreases the rearward acceleration of
the bolt-carrier while the buffer is free to continue rearwardly since
only compressive forces can act between the buffer and the bolt-carrier.
The buffer was found to rebound from the closed end of the buffer body,
strike the bolt-carrier, and bounce back toward the closed end again.
Large variations in cyclic rate occurred. The operating parts entered the
counterrecoil phase with less velocity than if all parts were together
at the time of impact with the closed tube end. No experimental evidence
could be found to indicate that the buffer rebounds from the closed end
of the buffer body more than once per cycle. Thus, a more sophisticated
model of the drive spring seemed to be required. As described in Appen-
dices A and C, a finite-element method was used. With even a small num-
ber of elements, the inertia effects from this model were sufficient to
cause the bolt, bolt-carrier, and buffer to strike the backplate together,
and thus to eliminate the problem. In some instances, cycle time was re-
duced by as much as nine milliseconds. Two principal effects result from
this more realistic model. The first is that the effective drive spring
seen by the buffer body is initially greatly stiffened. The second is
that the main gun is unaffected by the buffer body motion until a stress
wave travels the entire length of the spring. The M16Al drive spring
can, for most purposes, be modeled with as few as five elements. To
consider coil clashing in a detailed evaluation of the spring itself,
one can use a number of elements equal to the number of coils as dis-
cussed in Appendix C. The difference in spring behavior with various

numbers of elements is shown in Figures 31 to 33.
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Figure 32 Drive Spring Forces (5 - Element Model)
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4.0 CONCLUSIONS AND RECOMMENDATIONS

4.1 Conclusions

a. A digital-computer model of the M16Al Rifle has been constructed
and is suitable for the study of effects on mechanical performance and
weapon dispersion as changes are made in various weapon parameters. From
this model, information about the M16Al can be obtained that would be ex-
tremely difficult and costly to determine by experiment.

b. As a result of the work associated with the development of this
model, modest extensions of the state of the art in weapon modeling have
been realized. For example, both continuum and finite-element approaches
to impact have been explored (Appendix F), and three approaches for the
analysis of cam forces are presented in Appendix A. A new area of study,
the coupling of complex computer models, is presented in Appendix F.
Another new approach to the modeling of weapons is that of the extension
of deterministic models to the probabilistic regime (Appendix G). The
concept of finite elements in solid mechanics has been extended to fluid
mechanics, and the result is a unique approach to gas flow (Ref’). For
the first time, very detailed small-caliber weapon models have been
developed by which weapon dispersion can be approximately analyzed.

Also, detailed models of spring surging, coil clashing, and buffer-
weight behavior have become integral parts of the weapon model. Hammer
and magazine dynamics have been extensively analyzed. However, much work
remains in these and other areas of weapon modeling such as dynamic
frictiom.

Cc. Accuracy of the M16Al Rifle can be improved, in accordance with
the model, by a stiffening of the shoulder and upper torso of the shooter,
a decrease in breech-pressure impulse, and increase in moment of inertia
of the rifle, an increase in bore-friction impulse (provided this in-
crease is obtained without a corresponding increase in the time that
the projectile is in the barrel), decreases in both drive spring con-
stant and preload, and by the initiation of the firing cycle with the
buffer weights in their most central location. Of course, these changes

also have other ramifications that must be explored, and not all of these

’Ehle, P.E. and Rahe, A.E., 'Development of a Finite Element Approach for
Approximate Analysis of Unsteady Compressible Fluid Flow," WECOM Techni-
cal Report, SWERR-TR-72-36, AD 746234, Rock Island, I11 (Jun 1972)
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may be beneficial. Also, the combined effect of the simultaneous changing
of two or more parameters was not explored, although this could be done.

d. An increase in cyclic rate can be achieved in accordance with
the model, by a stiffening of the shooter's shoulder, an increase in
gas pressure in the cavity and at the breech, decreases in bolt and
bolt-carrier masses, and the initiation of the firing cycle with the
buffer weights at either extreme end of their allowed positions. Again,
these changes would have other ramifications, none of which were explored
in this study.

e. Techniques developed for the M16Al Rifle model are applicable
to the analyses of other shoulder-fired automatic weapons. Examples
of these techniques are those used to model the drive spring, magazine,
cam forces, weapon dispersion, and hammer dynamics. The preliminary
results from the investigations of impact, stochastic methods, coupling
of complex models, and fluid flow are also applicable.

f. Detailed analyses of the buffer assembly, shooter, and drive
spring are important factors for accuracy and realism in an M16Al Rifle
model. These factors have important influences on weapon operation and
dispersion.

g. The model provides a suitable base for the comparison of per-
formance of other weapons.

h. 1In the section of this report on modeling philosophy, "verifi-
cation" of a complex weapon model by experiment is mentioned as a con-
cept not well defined. One often uses the term without a clear idea of
its meaning. Since no established verification criteria exist, the pre-
sent model will not be presented as either verified or unverified.

Many of the model predictions are in excellent agreement with experi-
ment; this can be seen in the section on comparison with experiment.
Without doubt, other predictions such as a peak force value may be
found that are not as good. Some uses for the model require better
accuracy in certain areas than in others. All that can be said about
validation is that the model is sufficiently accurate that it can be
used with a high degree of confidence for many important studies, but
that the model is by no means infallible.

4=2



4.2 Recommendations

a. Use of the ML6Al Rifle model should be continued as a vehicle
for the development of modeling techniques.

b. A number of important areas exist in which development work
should be emphasized. First, a detailed mathematical model of the
shooter should be added to the M16Al model. This man-model is already
available at RIA and comprises springs, levers, masses, and dampers to
simulate the passive response of a man's body to recoil. The sensitiv-
ity analysis in this report demonstrates that such response signifi-
cantly affects both weapon operation and accuracy. Second, better
models of friction should be developed with an instrument designed to
simulate and measure friction forces typical of many different weapons.
Cams capable of providing time-displacement histories found in a given
weapon can be manufactured and inserted in this machine. Normal force,
temperature, humidity, velocity, displacement, acceleration, and lubri-
cant are some of the parameters that can be varied. Delivery of this
instrument to the Weapons Laboratory, RIA, is expected during FY73.
Third, an analysis of gas transmission should be included. A relative-
ly simple analysis is needed that can be run with an already complex
model without excessive computation time. Development of such an anal-
ysis is nearing completion (Ref’). Fourth, stochastic techniques should
be developed and incorporated into the M16Al Rifle model so that prob-
abilistic data can be accepted as input and confidence levels can be
established for predicted results (Appendix D). Fifth, improved models
of impact should be developed that more accurately reflect the true stress
levels involved (Appendix F). Sixth, methods should be explored for the
direct coupling of complex computer models (Appendix G). Seventh, optim-
ization and design methodologies should be developed so that models will
have a more significant place in the design process. Eighth, the devel-
opment of reliability data obtained from a model before a record of per-

formance is established should be emphasized. Ninth, cartridge case

7Ehle, P.E. and Rahe, A.E., "Development of a Finite Element Approach for
Approximate Analysis of Unsteady Compressible Fluid Flow," WECOM Techni-
cal Report, SWERR-TR-72-36, AD 746234, Rock Island, I1l1 (Jun 1972)
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extraction and bore friction are study areas important for the construc-
tion of accurate models and should become the subjects of in-depth
studies.

c. Special emphasis should be focused upon the semiphilosophical
problem of model verification and the development of suitable validation
criteria.

d. The MI6Al Rifle model should be used as a basis for the compar-
ison of performance of other automatic shoulder-fired weapons and for

the improvement of the M16Al itself.
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APPENDIX A

DERIVATION OF FORCE EXPRESSIONS

A.1 BASIC NOMENCLATURE

1. KMG = position of center of gravity (cg) of main gun
structure with no operating parts

2 XB = position of cg of bolt

3. XBC = position of cg of bolt-carrier

4. XBUFF = position of cg of buffer body

5 XWTS = position of cg of buffer weight system

6. BB = angle through which bolt rotates during locking
and unlocking

7. SH = angle through which hammer rotates

8. GE = angle of elevation of Rifle

9. MB(E) = effective mass of the bolt at time t

=

(=]
oo
Il

acceleration of gravity

1L, & = time

A.1.1 Coordinate System
Each mass has an associated coordinate system fixed with respect to
the ground. These are such that when t = 0, the coordinate values are

all zero if the masses are in the locked position and completely forward.



A.2 Force acting on the bolt

A.2.1 FB(l) Breech force - For several milliseconds after propellant

ignition, the bolt is locked to the main gun and is considered a part
of it; at this time only, FB(l) is considered to act on the main gun.
After unlocking occurs, the FB(1l) acts only on the bolt. FB(l) is a
digitized function of time and becomes nonzero when the hammer strikes
the firing pin. At this time, the mass of the bolt is reduced by an

amount equal to the mass of the projectile plus the mass of the pro-

pellant.
Then,

FB(1) = ~Pprrrcn (V) Apogg (a-1)
Nominal values are: A .0377 in2

BORE ’

PBREECH (t) = See Table 8 below.

TABLE 8 NOMINAL BREECH PRESSURE vs TIME

t (sec PeREECH (t) (1bsf1n2)
0 0
.0001 1000
.0002 3000
.0003 5000
.0004 11000
.0005 36000
.0006 50000
.0007 58000
1.0008 50000
.0009 35000
.0010 _ 25000
.0011 19000
.0012 15000
.0013 12000
.0014 10000



A.2.2 TFB(2) Friction between bolt and ammo - This force is caused by

the friction between the top round of ammunition in the magazine and
the bolt during the recoil stroke. It becomes nonzero just after the
bolt-carrier has passed over the ammunition and the bolt contacts the
top round in the magazine. Three conditions exist that must be met
for the force to continue to be nonzero:

a. The bolt has not reached the position where it "picks up" a

new round,
b. The weapon is still in recoil,

c. The bolt-carrier is not in contact with the ammunition.

Then,

FB(2) = 2ulsgn(iB - iMG) ( (MEg cos SE) + KM (Y —YO) (A-2)

if

the weapon is in recoil,
if

XBC - Xy LT 2.34 in.,
And if

XB - XMG > - 2.81 in.

FB(2) is zero otherwise.

The derivation of the expression used for this force is the same
as the derivation of FBC(10). Nominal values of the parameters are
also chosen to be the same.

An equal and opposite force FMG(2) acts on the main gun.

A.2.3 FB(3) Impact between bolt and barrel and engagement of extractor

The contribution to FB(3) from the engagement of the extractor is assumed
to be a constant 7.5 pounds. The contribution to this force from the
impact between bolt and barrel is determined by a stiff spring and damper
hypothetically placed between these two parts. When, during impact, the
spring is about to decompress, the bolt and main gun are considered to

be a single mass since locking has just occurred. This is a completely

inelastic collision between bolt and barrel.
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Then,

FBG) = ~Eyrp + Kpaprer, ®ue ~ X3) + Cparper d{MG = iB) (a-3)
IMPACT IMPACT

EKTF is nonzero if weapon is in counterrecoil and-.13" < XB - XMG < 0,

KBARREL and CBARREL are nonzero if weapon is in counterrecoil,

IMPACT IMPACT
3f

X ~ X5 20,
and if

Nominal values are:

EXTF = 7.5 1bs

KBARREL = 100,000 1b/ft
IMPACT

CBARREL = 18 1b-sec/ft
IMPACT

For the two-mass system consisting of the bolt and the main gun,

18 1b-sec/ft represents 45 percent of critical damping where

KBARREL MB(E) MMG
& m IMPACT

C =
CR
ITICAL MB(E) + MMG

This definition is made in analogy to the single mass-spring system where a
mathematical change in the form of the solution for the governing equations

occurs at this value of damping.
NOTE: FB(3) is zero after the bolt is 1locked, and an equal and opposite

force FMG(3) acts on the main gun.

A=



A.2.4 FB(4) Friction between bolt and bolt-carrier = The friction force

between bolt and bolt-carrier acts continuously.
Then,

(A-4)

L - = < [' - X. =3 8
FB(4) = —CB XB XBC) + uB MB(E) g sgn [XBC B co E

cg = -01 1b-sec/ft

uB= .2

The first term in this expression represents viscous damping and the
second term is Coulomb friction due to the weight of the bolt.

NOTE: An equal and opposite force FBC(1l) acts on the bolt-carrier.
A.2.5 FB(5) Force at the end of the cam path when weapon is not

locked - This force is the means by which the bolt-carrier transmits

motion to the bolt. A 1/16 inch play exists between the bolt and the
bolt-carrier. A stiff spring is assumed to act on both sides of this
1/16 inch distance.

Thus,
FBES)em —KBBC(XB_ Xpe ~ XBBC) ji CBBC(.'}.(B 3 }.{BC) | (a-5)
if
(XB ~ Xpe -~ XBBC)i §
and if
FB(5) > 0.

NOTE: XBBC is the total distance the bolt moves relative to the

bolt-carrier (5/16 inch).
Therefore, :

' - X v - n L v ¥ A—
FB(5) Kose| %3 BC (xBBC 1/16)] CBBC('XB xBC)( 6)
if the bolt 1is not about to be locked or unlocked,
if

i _ L. " >0
X X (XBBC 1/16") Z Uy

and if
FB(5) < 0. A-5



This situation is represented in Figure 34.

Bolt-Carrier
K Kesc
AR AW
T] Bolt
1]
Cesc Ceac
A a—
|
A
A+Bs 718"
KBBC = Assumed Spring Constant Between

Bolt and Bolt-Carrier

CBBC

Assumed Damping Constant Between
Bolt and Bolt-Carrier

Figure 34 Schematic of Bolt/Bolt-Carrier Interaction (Unlocked Weapon)

Nominal values are: Ky, 100,000 1bs/ft,

c

S 18 1b-sec/ft (49 percent of critical)

NOTE: An equal and opposite force FBC(2) acts on the bolt-carrier.

A.2.6 FB(6) Locking force, FB(7) Unlocking force

These are constraint forces that act between the bolt and bolt-
carrier during locking and unlocking. They are the axial components
of the forces needed to rotate the bolt in accordance with the cam
path in the bolt-carrier. Two derivations of the force expressions
are presented. In the first, the Newtonian approach is used; and in
the second, the Lagrangian approach is followed. Finally, an alter-

nate formulation of the problem is discussed.

A.2.6.1 Newtonian approach

Figures 35 illustrates the Newtonian approach to resolving the

forces acting between bolt and bolt-carrier during locking and unlocking.
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Newtonian approach:

CAM PATH

BOLT sr

CAM FOLLOWER
BOLT CARRIER PIN IN BOLT

Figure 35 Schematic of Bolt/Bolt-Carrier Interaction during Locking
and Unlocking

From Fig. 35, F cos a = the force that tends to rotate the bolt.

= moment of inertia of bolt about longitudinal axis

_AB""?
N = L sum of torques equals rate of change of angular
momentum
. ~ et 2 ~ + ~ F A
IBB e, = re x ( Ffriction) eg R e x cos & &g
16 = T Fericeaon YR Fcosa
£im IB8 + Ffriction
R cos a
FB(6,7) = F sin o (A-7)
F
FB(6,7) IB6 + ¥ “friction (A-8)
? R cot o



R(©1-8e)

B naanaea

:. a=¢
= =1 dé
¢ = tan ( R T
I.6 r F I6 rF B
FB(6,7) = BY + frictigg = B — friction —— [tan I(R%%) ](A-Q)
—1 d6.
R cot [tan (Rdx ]
FB(6,7) =98 (1 6+ ¢ ¥ (a-10)
? dx |™B friction

From the chain rule of differentiation,

s=—}.c2+£1_§.x
dx? dx

X=(XBC i XBCO) 5 (XB— XBO)

where
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A.2.6.2 Lagrangian approach

The rotation is assumed to be a linear function of relative posi-
tion between the bolt and bolt-carrier. For the M16Al Rifle, this is
an accurate assumption.

Let qi(i = 1,2, *** n) represent generalized coordinates.

n
Let % a dqi = 0 be the constraint equation.
i=1

Let L be the Lagrangian, which is the kinetic energy minus the poten-

tial energy of the system.
Let F (1 =1,2, *++ n) represent dissipative forces in the system.

Thng—

qu)
The constraint forces are A a;» where A is a Lagrangian multiplier.

(See, for example, pg 269 of Ref®)
For the problem at hand, generalized coordinates are the rotation
of the bolt, 0, the displacement of the bolt, XB’ and the displacement

of the bolt-carrier, XB .

C

dé

= e B .

The constraint equation is then BB = -,131 + [d(X _XB )](XB XBC)

B C

n

This equation can be put into the form I a; dqi = 0 as follows:
i=1

a0, 4o,
e [d(X'B_XBC)] ¥ [d(xa XBC)] Pac = °

i =1 -
The Lagrangian is L = 5 I 8 + MB x2 + L MBC
Let FB and FBC be other forces acting on the bolt and bolt-carrier.
The only forces acting on the bolt in the rotational direction are the

constraint force and friction.

d oL ) ~ —“—-— Aa, +F

aqi i i yields the following

Substitution into =y

8Greenwood, D.T., Principles of Dynamics, Prentice-Hall, 1965
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three equations of motion: 5

Iy 95 = ~* * TpricrIoN (a-11)
s de
{ My X = A E?§"§i"“f + F (a-12)
B BC
M X =-x—de‘i—-—-—+F (A-13)
L BC BC d(XB-XBC) BC
T is the torsional friction moment due to the compression of

FRICTION
the bolt on the base of the cartridge case. This force is assumed to
be uniformly distributed over the base.

Let FN denote the normal force between bolt and case that acts on the

bolt. Then T2
F
= +
TERICTION Ir T M ; N s AiEadr
"n' -
: (r2 r1)
2 rd - 18
3 c N 2 2
r¢ -r
2 1
U = coefficient of friction
between bolt and case
Friction from portion of
primer in contact with bolt
face is neglected.
2r,
2I'|
rl = radius of primer
r2 = radius of base of cartridge case

Figure 36 Diagram of Cartridge Case Base
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dB

From the first equation of motion, A = —IB d(XB XBC)] (XB - XBC) (A-14)
- *+ TrrrcTION
B
FB(6)=Aa where a = —F——F—~ (A-15)
2 2 d(XB XBC)
dBB dBB = L v
FB(6) =i ] + I, [ &~ %) (A-16)
d(XB XBC) FRICTION B d(XB XBC) BC B
deB 5 (3 - rl déy = .
FB(6) = e [—IJ-'——]F + L =] &, %) @a-17)
dXp-Xgo 3 (r _ rl) N B d(XgXpo) BC B
= FB(7)
if -.0625 inch E-XBC - X Coilh Xp = =.25 inch where X . is the

distance the bolt

other to achieve

do
Nominal values are: X

I 1

Friction on unlocking is

sidered insignificant on
5): ]

22.5°

oA

and bolt-carrier must move relative to each

locking or unlocking

B = 2.09 radians/inch

3 %pc)

BC
10.5 x 10 7 slug-ft’

.0938 inch

.1875 inch
.2 for FB(6) and 0 for FB(7)
very high because of gas pressure, but is con-

locking. See Figure 37.

.0625

Figure 37 Rotation of Bo

.25 XB=XBC
1t vs Separation Distance Bolt and Bolt-Carrier
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Note that GB as a function of XB - XBC is discontinuous in the first
derivative just prior to rotation and after rotation is completed.

The points of discontinuity are at o and B in Fig. 37, Prior to

rotation, GB = 0; on the other side of the discontinuity,
de

éB - [d(x fX )] (i % ) This instantaneous change in angular momen-
B~ BC B BC’" & &

tum can be considered to be caused by impulsive constraint forces acting
between the bolt and bolt-carrier. The instantaneous changes of bolt
and bolt-carrier momenta will be computed from conservation of linear
momentum and conservation of energy equations. This situation is
unlike impact with a spring where a decrease in time interval leads
to a smaller jump in force.
Now, make the following definitions:

MB(E) is the effective mass of the bolt when the discontinuity

is encountered.

MBC is the mass of the bolt-carrier.

e

B(I) is the velocity of the bolt prior to the discontinuity.

bde

B (F) is the computed velocity of the bolt after the discontinuity.

Pae

BC (1) is the velocity of the bolt-carrier prior to the discontinuity.

Pl

BC (F) is the velocity of the bolt-carrier after the discontinuity.

Here, only the case where the bolt begins to unlock will be considered.
The other three cases, unlocking completed, beginning of locking, and
locking completed, are treated similarly.

From the conservation of linear momentum:

M ey¥ec(n) T Mec¥re(n) T MB@¥Bm) T MBcBC (M) (a-18)
de
From the constraint equation, % _ B > % i
% d (XgX50) (Xp Xpe) B33

and conservation of energy:

iz X2 72
MB(E) —-—-BEI) + Mpc ——HS(I = Y3 (E) XBgF)

X%C ;F; IB dSB 2 . L . (1\-20)
" e a A [d(xB—xBC)] (XB(F) 3 XBC(F))



i Ld L] y
The variables XBC(I) and XB(I) are known; and from the conservation of

momentum and energy equations,

XBC(F) and iB(F) can be computed. 1In
doing so, one must solve a quadratic algebraic equation and the
appropriate sign of the discriminate must be chosen.

In obtaining the accelerations during locking and unlocking, one
must solve simultaneously the equations of motion for the bolt and
bolt-carrier.

NOTE: Equal and opposite forces, FBS(3) and FBC(5), act on the bolt-carrier.

The inclusion of the analysis of the discontinuity is an important
addition. If it is not included, an implicit assumption exists in the
remaining analysis that, when unlocking begins, the bolt is already
rotating. In reality, a relatively large impulse must be provided to
cause the bolt to overcome its initially zero rotational velocity.

The value of the force required to accomplish this momentum change
depends on the time it is assumed to act. If the change is instantan-
eous, an infinite force is needed. Another approach is to replace the
discontinuity with a smooth curve of small radius. In this analysis,
no attempt was made to calculate the force, but the impulse was cal-
culated. In comparing the results of measurements of unlocking force
with the computer results, one must remember that what is labeled as
unlocking force does not include the force needed to put the bolt into
rotation initially.

A.2.6.3 Alternate formulation of the problem

Now, an alternative formulation of the locking and unlocking prob-
lem will be discussed. The strong point of the formulation is that it
does not require the treatment of discontinuities. It also can be modi-
fied to include chatter. In the math model of the XM19 Rifle, Part II of

this report, the following approach was used.

F = [Spring Constant] x [Penetration of bolt pin into bolt-carrier
cam path in direction perpendicular to cam path surface]

F = K [distance bolt pin moves relative to bolt-carrier C.G. in
direction normal to cam path surface minus distance point
of contact between bolt pin and cam path moves in direction
normal to cam path surface]

A-13



F=EK [(XB - X_ . - a) sin 0 - RB -cos a] (A-21)

BC

a-= KB - XBC at start of rotation

K = spring constant for hypothetical stiff spring whose
location is at the point of contact between cam path
and bolt pin

16 = RF cos o, 6(0) = 6(0) = 0 (A-22)
Solve for 0 and substitute in the following equation:

FB(6,7) = F sin a = K[(XB - XBC - a) sin o - RO cos a] sin o  (A-23)

A.2.7 FB(8) Force between bolt and bolt-carrier while weapon is locked

The interface between the bolt and bolt-carrier while the weapon is
locked is assumed to be characterized by a stiff spring.
c < 0 and FB(8) > 0.(A-24)

FB(8) = -KBC(XB—XBC) = CBC (XB—XBC) if XB - XB

Nominal wvalues are:
KBC = 100,000 1lbs/ft

CBC = 37 1lb-sec/ft = 45% critical

A.2.8 FB(9) Stripping force used to remove a round of ammo from the magazine

The collision between the bolt and the uppermost round in the magazine
is assumed to be inelastic. At impact, a simultaneous change in the mass
and velocity of the bolt is assumed to occur. Make the following defini-

tions:

iMG(I) is the velocity of the rifle just prior to the collision
between bolt and cartridge

XB(I) is the velocity of the bolt just prior to the collision
between bolt and cartridge

XB(F) is the velocity of the bolt just after collision between

bolt and cartridge
Mﬁ is the mass of the bolt

MR is the mass of the cartridge

From conservation of momentum, M iB(I) + Mp iMG(I) = (MB + MR) iB(F) (A-25)

- S o™ Je@
* Xp) My + My

(A-26)

Note that, at the time of collision, the cartridge is considered to be

part of the main gun and, therefore, the velocity of the cartridge is

assumed to be that of the rifle. Also, at this instant, the effective
A-14



mass of the bolt is increased by MR and the mass of the rifle is decreased
by Mh. The foregoing development provides the values for the simultaneous
changes in mass and velocity. Now the stripping force itself will be

found. Consider the geometry and forces shown in Fig. 38.

=M ZFNg sgn (5(3- iMG}

O

il D :
—— , ] % FNS
M3 g8 Xyg) : LS

0 .
—Ta

—_—

A
S?&@m-?r

U L,H are coefficients of friction
2 3

For vertical equilibrium, FN = FN
2 3

Figure 38 Schematic of Magazine

Note that A is the displacement of the spring per round of ammo and D is
the diameter of the cartridge case. To establish the value of A, one
divides the difference between the height of the magazine spring when
the magazine is full and the height when empty by the round capacity of
the magazine.

To continue the analysis, one must compute FN and FN . Assume that

the magazine can be idealized as follows: % 4
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Km . Y

7777777777

ME is the total mass of all rounds in the magazine, except the one being
stripped, plus the mass of the follower, plus one-third the mass of the
magazine spring.

Vertical equilibrium requires that

—FNa sin GM -ME g cos GE ~KM(Y - Yo) =0 (A-27)

The free length of the magazine spring is Yo, and KM is the spring con-
stant. The angle of elevation of the rifle is BE.

g - e 1‘ - -
FNz = FN3 = sinBM [ME g cos GE + Ky 4 Yo)] (A-28)

The stripping force is then:
U+l

FB(9) = (sinea ) Mg g cos B, + K, (Y - Y )] sgn (}'{B " :'(MG) (A-29)
M

This force is nonzero when the weapon is in counterrecoil and
-2.81 inch E-XB ‘XMG < -1.84 inch.

The parameters that are invariant during the firing of the weapon
are A, D, (MF + %—MK) (mass of the follower plus 1/3 the mass of the
magazine spring), MR’ uz, ua’ KM and Yo. After each round is stripped,

ME and Y are recomputed. Y = Y_ -nA, where Y_ is height of magazine

E E
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spring when magazine is empty, and n is number of rounds in magazine.
Nominal values for the parameters of a twenty-round magazine are:
= ,18 in
= ,375 in
+ X = .,03 1b
K

.025 1b

BT

= -30

=
I

= -30
10.8 1bs/ft

= 7.77 in

ol-< :_&F: w'!:'
Il

4.5 in

g

NOTE: An equal and opposite force, FMG(15), acts on the main gun.

A.2,9 FB(1l0) Force from bolt cavity pressure
This force is caused by the gases in the bolt-carrier cavity. These

gases enter the cavity by means of a long tube connected to the gas port

on the barrel. This pressure is the main source of energy for weapon
actuation. This force can be calculated by the method of matched asymptot-
ic expansions. (See Ref?) Finite element methods also show promise
for such calculations. (See Ref’) For present work, the following

nominal values were experimentally obtained for:

FB(10) =_PCAVITY(t) ACAVITY’ where (A-30)

= P
ACAVITY .1967 in<.

9%purk, J.H., "The Gas Flow in Gas-Operated Weapons,'" Ballistic Research
Laboratories Report No. 1475, Aberdeen Proving Ground, Md. (Feb 1970)

7Ehle, P.E. and Rahe, A.E., "Development of a Finite Element Approach for
Approximate Analysis of Unsteady Compressible Fluid Flow," WECOM Techni-
cal Report, SWERR-TR-72-36, AD 746234, Rock Island, I1l (Jun 1972)
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TABLE 9 NOMINAL PRESSURE vs TIME IN BOLT-CARRIER CAVITY

Time (milliseconds PoaiirE) (1b/1in?
0.0 0.0
264 1250
.528 ' 2500
.792 2650
1.056 2400
1.32 2000
1.584 1500
1.844 1100
2.112 600
2.376 400
2.64 300
2.904 250
3.168 ' 200
3.432 150
3.696 100
3.96 100
4.224 50
4.488 50

The delay between the time that the breech pressure becomes non-
zero and the time that the cavity pressure becomes nonzero is t

port i
t . Nominal values are t = 1.1 milliseconds = time required by

cav port

projectile to reach gas port, and By ™ .2 milliseconds = time re-
quired by the pressure wave to travel from the gas port to the bolt
cavity.

NOTE: An equal and opposite force FBC(9) acts on the bolt-carrier.
A.2.10 FB(1ll) Extraction of the cartridge case from the chamber

This force becomes nonzero just after the bolt is unlocked, and
the bolt and main gun are again two separate masses. The first prob-
lem is that of determining when the bolt becomes separated from the
main gun. Once the bolt-carrier reaches the end of the cam path in

the unlocking process, the accelerations of the rifle and the bolt
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are computed from the following equations:

K
"8y ¥p 7,2 PP T Feon (A-31)
n
2 A-
Myvc (k) XMG oy TME(D) - Fooy (A-32)
¥y = T G
F represents the constraint force that causes the bolt and main gun

CON
to move together. When this constraint force overcomes the static

stiction force between cartridge case and chamber wall, then the bolt
and main gun begin to separate. At this point, FB(1l) becomes non-
zero.

From the three equations given above,

1
Mve () i-1

' S

F 3 MMG(I)  (A-34)
CON'Mp gy Mug(r) MB(E) g

E FB(I) + o7

Separation occurs when
K n

1
- I FB(I) + PR 1> ¥
oMo | ME EION

Model predictions are very insensitive to reasonable values of

STICTION (A-35)

, therefore, F is set equal to zero. Experimentally,

FsricTION STICTION
extraction forces have been obtained by placement of a strain gauge on
the extractor. Such measurements include the force needed to impart
the velocity of the bolt-carrier to the empty cartridge case in addi-
tion to the friction force between chamber wall and cartridge case.
In the model, the force needed to impart the velocity of the bolt-
carrier to the cartridge case is automatically taken into account by
the addition of the cartridge case mass to that of the bolt. Thus, to
use the experimental data, that component must be removed. The remain-
der will be an approximation of the friction force between chamber and
cartridge case.

Let J F dt be the measured impulse on the extractor, Mc Vc be

EXT
the momentum of the cartridge case after it acquires the velocity of
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the bolt-carrier, and FCHAMBER be the friction force between cartridge

case and chamber.

Then [ Fp dt - S

XT Fomamper 9t =M, (Vo - V. ) (4-36)

o

Assume Vco = 0 and Vc o XMG - XBC = 17 ft/sec when case assumes
bolt-carrier velocity. Further assume Vc is constant in time during

extraction. This value for Vc obtained from a computer run is in agree-

ment with Referencelﬂ.

Assume FCHAMBER has the following shape:
Fo
i t
tf-t
F =
CHAMBER Fo tf tf . EL- (A-37)
c
where 1 = length of cartridge case.
vc
Fomamper ~ Fo L1 -t ] (A-38)
Lt
fo Feuamer at = & ¢ L (A-39)
2 a''V
c
From Eq. (A-36),
1 L _
S Fggqp dt - 5B ?;' ok (A-40)
ZVC
FO = [ & FEXT dt - MC. Vc ] (A-41)

1 0%erner, W.M., "Comparison of a Theoretical and Experimental Study of
the Gas System in the ML6Al Rifle," BRL Report No. 1548, Aberdeen
Proving Ground, Md., (Aug 1971) Pg 23.
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Vc = 17 ft/sec
¥ FEXT dt = .01l 1b/sec

(See WECOM DF, 5 Jun 68, from SWERI-RDT 9280
to AMSWE-RDSR (C.F. Packard), Subject: "M16Al
Test Equipment Instrumentation.')

M_ = .000411 slug

L=1.751in

Fo = .94 1b
Y
R ki ™ VLY =B L L opt ] (A-42)
FB(11) = .94 [ 1 - 116.6 t ]
Time is zero when the criterion for separation of bolt and main
gun is met.

FB(11l) is zero after t 2_%—
c

NOTE: An equal and opposite force FMG(10) acts on the main gun.
A.2.11 FB(1l2) Gravity force acting on bolt
This force acts continuously.

FB(12) = _MB(E) g sin 0 (A-43)

g = 32.2 ft/sec?
NOTE: MB(E) varies with time.

MB(E) = ,156 1b after a new round has been stripped from the magazine,

but before round is fired
.143 1b after the round has been fired, but before the case
is ejected

.130 1b after the case has been ejected but before a new

round is obtained from the magazine

Forces acting on the bolt-carrier

A.2.12 FBC(1l)
A.2.13 FBC(2)
A.2.14 FBC(3)
A.2.15 FBC(4)
A.2.16 FBC(5)

-FB(4) (See previous derivation)

-FB(5) (See previous derivation)

~-FB(6) (See previous derivation)

-FB(8) (See previous derivation)

-FB(7) (See previous derivation)
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A.2.17 FBC(6) Interaction force between buffer tube and bolt-carrier

A hypothetical stiff spring is placed between the buffer tube and

the bolt-carrier at their interface.

_ . . (A-44)
FBC(6) = Xyypr Xpyrr ~ ¥pc) + Cpurr Xpurr ~ ¥pc) 1f FBC(6) > 0.

Kourr = 100,000 1b/ft

Courr = 14.06 1b-sec/ft = 37% critical
NOTE: An equal and opposite force FBUFF(1l) acts on the buffer.
A.2.,18 FBC(7) Friction force between bolt-carrier and main gun
This force acts continuously.

FBC(7) = - K = i M, # My (p)) & [sgn(XBC g) 1 cosbg (A-45)

The first term represents viscous damping, and the second term represents
Coulomb friction caused by the weight of the bolt-carrier.

Nominal values are: CBC = ,01 1b-sec/ft

Hpe = -2
NOTE: An equal and opposite force FMG(4) acts on the main gun.

A.2.19 FBC(8) Constraint force between hammer and bolt-carrier

This is the force that cocks the hammer. Consider the following

diagram where 6 is zero when the hammer is fully forward.
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Equating rate of change of angular momentum with the sum of the moments,
one finds:

IH Q= Topring T FBC(8) cos (6 + o) - MH[rocos 0] XMG (A-46)

Ordinarily, in equating rate of change of angular momentum with the sum
of moments, one must refer these quantities with respect to a fixed
point on the hammer or to the center of mass of the hammer. Although
the pivot point on the hammer is not fixed with respect to the ground
because the main gun is in motion, reference of angular momentum and
moments to this point would be convenient. This can be done if a
correction factor is added to account for the motion of the pivot
point. This term is M, [ro cos 6] Xyg» Which is the last term in
Equation (A-46). In general, the sum of the moments about an arbitrary
point is equal to the vector cross product of the vector from the

point to the C.G. and the vector from the body mass times the acceler-

ation of the C.G. with respect to an inertial frame.

That is.
ab — _—
EM? LP Tp X MI - (A-47)
to
CG

The truth is that all results derived from Newton's laws of motion rela-
tive to an inertial frame can be extended to an accelerating nonrotating
frame if inertial forces associated with acceleration of the frame are
treated as additional external forces on the system. (See Pg 146 of Ref® )
NOTE: 1In Equation (A-46), MH is the mass of the hammer, and r is the
distance from the pivot point to the C.G.

IH is the moment of inertia of the hammer about an axis through the

pivot point. TSPRING is the constant torque exerted by the hammer spring.
The constraint equation is given by the functional relation
= - A-48
6 =f (XMG XBC) ( )

whenever the hammer and bolt-carrier are in contact.

r————r—— et

8Greenwood, D.T., Principles of Dynamics, Prentice-Hall, 1965

A-23



T L 2 . . o e
SPRING - "H d- f i 2 et E s
FBC(8) = e %) Pus Xg) ™ + I Xpr) g Xp) !
(A-49)

r cos (f + )
Derivations for f(XMG - XBC)’ r, and ¢ will now be given. These are all

functions of the angle of rotation of the hammer. First make the follow-

ing definitions:

rz

w2

g

| 0=0
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r. = radial distance from the pivot point to the point on the hammer
that contacts the bolt—-carrier when the hammer is in the firing

position(6 = 0)

r. = radial distance from the pivot point to the point on the hammer
that contacts the firing pin when 6 = 0.

I, = radial distance from the pivot point to the highest point on the
hammer that ever contacts the bolt-carrier (occurs when 6 = 77°)
al, o , and o are the corresponding angles 6 = 0.
2

3
r = radial distance from the pivot point to the point on the hammer

in contact with the bolt-carrier for any position of the bolt-
carrier

o = angle between r and a line imbedded in the hammer that passes
through the pivot point and is perpendicular to the bore axis
when 0 = 0.

Note that the line joining points on the hammer that contact the bolt-
carrier lie in a straight vertical line when 6 = 0. Using this fact,
one can solve for 6 as a function of XMG - XBC' Consider the following

diagram:
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- = - i + -
XBC XMG r1 sin al tan (ul + 0) r1 cos al (A-50)

r osin o + (X, - Xya ]
r cos O
1 1

r sinao+ (X__. - XM )
_ = 1 1 BC G
T e ¥ cos o L g

This relationship applies only if 6 > - 70° because, after a 70° rota-

8 = -0 + tan ! [ (A-51)

tion, the hammer motion is determined by the geometry of the underside
of the bolt-carrier.

From the previous diagram, one can also find r.

r=[(r cos “1)2 + (r sin a1‘+ XMG)z]Li (A-53)
One can solve for o using the fact that the distance is constant from
any point on the hammer contacting the bolt-carrier to the line through
the pivot point imbedded in the hammer.

Thus, r1 sin al = r sin o. (A-54)
r sin o
o = sin (—1———;——L) (A-55)
Equations (A-51), (A-53), and (A-55) are substituted in Equation (A-49).

Note that the derivation given above applied only while the hammer
and bolt-carrier are in contact. After unlocking, a series of forces
acting on the bolt-carrier causes the bolt-carrier velocity to fall
below that of the hammer, and the hammer continues rearward apart from
the bolt-carrier. These retarding forces are caused by the strike of
the end of the cam path in the bolt-carrier by the bolt pin, and they
are caused by forces associated with cartridge case extraction. This
situation occurs when FBC(8) is calculated and found to be a negative
number. Then FBC(8) is set equal to zero, and the hammer continues
rearward with only the spring tension affecting its motion. At a
later time, the hammer and bolt-carrier may again come in contact with
each other. This encounter is treated as an impact problem where a
hypothetical spring and damper are assumed to come between the two
bodies. Thus, FBC(8) = K, cos 6 [© --f(XMG - XBC)]

+Cy cos 8 [8 -f (Ko - X0 ) (K, - X, )] (A-56)
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if

0> f Xy ~ Xpe)- )
Once the hammer reaches 77° or if f (XMG - XBC) < 70° and ® > 0, the
hammer angular velocity and acceleration are set to zero. Thus, con-
strained motion from 70° to 77° is not treated in detail. To do so
requires accounting for the slope cut in the underside of the bolt-
carrier. This small distance is of little consequence to the model
and the effort required for accurate treatment would not be worth-
while. Note that the full 77° rotation is fully treated if the hammer
is not in contact with the bolt-carrier after 70°. Very little inter-
action occurs between the bolt-carrier and the hammer after 70°. Most
of this interaction is due to friction, and this force is included in
the model.

Nominal values are:

1.08 in
= 1.33 in
= 1.58 in
= ,75 in
= ,0683 1b
= 22°
175
= 15°
= 4500 1b/rad
= .086 lb-sec/rad
.00002 slug-ft?
T = 6 in-1b

SPRING
FBC(8) becomes nonzero when the bolt-carrier cavity pressure is

nonzero, iMG - iBC‘z 0, and XMG = XBC > 0.

A.2.20 FBC(9) = -FB(10) (See previous derivation)
A.2.21 FBC(10) Friction between bolt-carrier and cartridge case

]

H 0O Q La Lo H o]
’-I: :l: I.FQQNQH IFO w (%] -
]

This force is caused by friction between the bolt-carrier and the
uppermost cartridge in the magazine. The bolt-carrier depresses the
cartridge a small amount. The situation is depicted schematically in

the following diagram:
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chon

BC /a|'=colfﬂciont of friction

FBC(0)+— TF
. Ny

™

M2' = coetficient of friction

ME
Y Km
FCON is the constraint force that ensures vertical equilibrium of the
— 1 = + —
bolt-carrier. ME kMR + MF MS/B (A-57)
where
k is the number of rounds in the magazine
MF is the mass of the magazine follower
and MS is the mass of the magazine spring.
For vertical equilibrium of the bolt-carrier,
= F
Feon N (A-58)
FBC(10) = -2u Fy sgn (X5, = Xyo) (A-59)
1
where

2u15 Ui + u; = twice the average coefficient of friction.
Now FN must be determined. For vertical equilibrium of the ammunition,

1
-F. Mg - " -
N g8 Ky T -Y) =o. (A-60)

YO is the free length of the magazine spring. Y is the length of the

magazine spring at any time.
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FBC(10) = 21 [Mpg + ky (Y - Y )] sgn (}'{BC - :'(MG) (A-61)
One can determine exactly when the ammunition is in contact with the
bolt-carrier. A number of milliseconds are required for the round just
below the one being stripped to move upward into position. A derivation
of the proper expression is on pg 7-5 of the "Engineering Design Hand-
book," Guns Series, Automatic Weapons, AMCP 706-260.

F
This expression is: tDELAY=th oy _Jg) . (A-62)
Ky v

FM is the maximum spring force (preceding one cartridge displacement),

and F 1is the minimum spring force (following one cartridge displacement).
The egficiency of the system is € and is assumed to be 1.0, If k is the
number of rounds in the magazine, A is the displacement per round, and

Yo is the length of the magazine spring when the magazine is empty,

then
Fo = _KM(Ye -k A -YO) where Ye = current length (A-63)

and

By = Ky, - &+1)8-1). (A~64)

In summary, FBC(10) is nonzero when X - XBC > 2.34 inches and
t_tPICK z-tDELAY where tPICK is the time at which the topmost round is
completely stripped from the magazine.

NCTE: An equal and opposite force FMG(12) acts on the main gun.

A.2.22 FBC(1l) Friction between bolt-carrier and hammer

The bolt-carrier slides over the hammer after the hammer is fully

cocked. Consider Figure 39 ;
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coeffecient of friction peony lF““

BC

coeffecient of frict!on/ul/ ?F———r—FBcuu
v |

Figure 39 Schematic of Hammer - Bolt-Carrier Interaction

The constraint force F1 that acts between the hammer and the bolt-
carrier can be computed based on the assumption of rotational equil-

ibrium. Equating moments, one finds that

TSPRING = —F1 r3 cos aa sin © (A-65)
. TS
AR e ) (1) L (A-66)
1 r coso sinB
3 3
T Y - X A-67
FROUL) = = Ugoy Foow W F, b mon (e = Fy) =82
U H
_ "CON+",
Let Vet =T 5
Vertical equilibrium of the bolt-carrier requires that FCON = F1
T - .
= - A-68
FBC(11l) = + 2 Mags SPRING sgn (XBC XMG) ( )
racosaasinﬁ

This force is nonzero only if the hammer is in rotational equilibrium,

that is: XMG - XBC > 1.36 inches, and 6 = 6 = 0, Hogs = 15,
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NOTE: An equal and opposite force FMG(13) acts on the main gun.
A.2.23 FBC(12) Gravity force acting on the bolt-carrier

This force acts continuously. The angle of elevation is GE.

FBC(12) = -HBCg sin BE (A-69)

8¢

g
Forces Acting on Main Gun

A.2.24 FMG(l) Mount force
This is the force exerted by the shooter's shoulder acting on the

.0182 slug

32.2 ft/sec?

butt of the weapon. Efforts are in progress to join the M16 Rifle
mechanism model with a mechanical model of the shooter. Meanwhile, a
simple spring-dashpot system will be used. Another approach by which
FMG(1) is represented as a function of position,velocity, and acceler-

ation, is detailed on Pg 44 of Ref’.

FMG(L) = = Kyounr Xue ~ Suount Xue (4-70)

where nominal values are:

KMOUNT = 300 1b/ft

Cyount = 9.53 lb-sec/ft

-FB(2) (See previous derivation)

]

A.2.25 FMG(2)
A.2.26 TFMG(3)
A.2.27 FMG(4)
A.2.28 FMG(5)

This force acts continuously. It serves to retard the bolt-carrier

]

-FB(3) (See previous derivation)

=FBC(7) (See previous derivation)

Drive spring force

on the recoil stroke and to provide energy for stripping and locking on
the counterrecoil stroke.

The simplest model is based on the assumption that the drive spring
is a massless, linear spring through which elastic waves travel with in-

finite velocity. One step higher in sophistication is the treatment of

7Ehle, P.E. and Rahe, A.E., "Development of a Finite Element Approach for
Approximate Analysis of Unsteady Compressible Fluid Flow," WECOM Techni-
cal Report, SWERR-TR-72-36, AD 746234, Rock Island, Ill (Jun 1972)

A-31



mass effects by the addition of one-third the spring mass to the buffer
tube. The reasoning behind this approach is discussed at the end of
Appendix C. Further sophistication can be achieved by either continuum
or finite-element approaches. Incorporated in the M16 Rifle model is a
finite-element approach by which the spring is divided into a series of
point masses and ideal springs. The program allows for a maximum of
ten elements, and as few as two elements can be used to obtain reason-
able results. A further step in sophistication can be taken by the divi-
sion of the spring into a large number of elements and by the detailed
treatment of coil clashing. This approach is discussed in Appendix C.
However, since running time is significantly increased, this model is
not used unless a special study of the spring itself is desired. The
analysis for the small number of masses normally used in the model
closely follows the analysis for the large number of masses given in

Appendix C.

— —or f—"n

C C C
B B B N [ . R O =
BUFFER p m m GUN
| MAMAWWW MWW MWW — — — AW
K K 7 K
Figure 40 Finite-Element Model of Drive Spring B
e = SO = XY (A-71)
FMG(5) K(XMG Yn) C(XHG Yn) R K5
where
B = preload distance = .337 ft
K = element spring constant = Ks (n+1)
m=mn_/n
S
Ks = drive spring constant = 19.2 1b/ft
m_ = mass of drive spring = .1336 1b
n = number of elements into which the drive spring is divided,

n = 5 normally, but can be up to 10
C = .01 1lb-sec/ft
NOTE: Under static conditions, an equal and opposite force FBUFF(3) acts
on the buffer.
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A.2.29 FMG(6) Bore Friction

This force is caused by friction between the bullet and the bore
as the projectile travels along the length of the barrel. To experimen-
tally obtain values for this force, a bullet was pushed down the barrel
at about two inches per second. A steel rod actually pushed the bullet,
and the rod was pushed by a machine normally used to obtain load versus
deflection curves for springs. Certainly, numbers obtained at such a
low speed are questionable. However, the impulse represented by the
force obtained is in good agreement with values obtained at BRL. This
impulse is roughly 17 percent of the impulse of the breech pressure
curve. Thus, for small caliber weapons, this force appears to be rather

important; and efforts should be made to obtain more accurate numbers.

The values used are:

TABLE 10 BORE FRICTION vs TIME

Time (sec FMG (6 1b

0 210
.0001 325
.0002 " 295
.0003 265
.0004 240
.0005 210
.0006 180
.0007 155
.0008 125
.0009 100
.0010 70
.0011 40
.0012 20
.0013 0
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A.2.30 FMG(7) Impact between hammer and main gun

This is the force that the hammer exerts on the main gun at the
time of firing. It includes the strike of the firing pin, the impact
of the firing pin with a spring-like primer, and the final strike of
the hammer on the main gun itself. This final strike causes all rota-
tional motion to cease. The entire force is treated as an effective
inelastic collision between the hammer and the main gun. If, just after
impact, the hammer tends to bounce back and to rotate rearward, its
velocity and acceleration are set to zero until the bolt-carrier

begins to move rearward.

FMG(7)
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FMG(7) = KHrzsin 0 + CHr2 6 cos 6

]

Nominal values are : Ky 50000 1b/ft
Cy = -278 lb-sec/ft
This force is nonzero only if 6 > 0 and 6 > 0.
NOTE: An equal and opposite force FHAM(2) acts on the hammer.

A.2.31 FMG(8) Constraint force between hammer and main gun

(A-72)

This force acts at the pivot point of the hammer. Consider the

following diagram and write the equation of motion of the hammer in

the horizontal direction.

—FBC(8)

—FMG(7)

=FMG(8)
PIVOT POINT
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MH £H = -FMG(7) -FBC(8) -FMG(8) (A-73)
FMG(8) = —[MH EH + FMG(7) + FBC(8)] (A-74)
MH = mass of hammer
iH = acceleration of the center of gravity of the hammer

The following constraint condition exists between the main gun and the

hammer.

XH e si? 6 + XMG + v ) where Y is some constant (A-75)
“X =1 [0 cos 6 - 62 sin 6] + X, (A-76)
. MG(8) = -M, [r_(6 cos © -82 sin 0) + X,,] -FMG(7) -FBC(8) (A-77)

FMG(7) and FBC(8) are defined elsewhere in this report.
Nominal values are MH = ,0683 1b and ro = ,75 in

A.2.32 FMG(9) Impact between buffer and main gun

This force occurs on the recoil stroke when the buffer strikes the

backplate. A hypothetical spring is used to model this impact.

MG(9) = Kppex  Fye Xpurr ™ Cpack Rue Xpurs) (4-78)
PLATE PLATE

This force is nonzero if: XMG _XBUFF > a and FMG(9) < 0.

Nominal values are:

¢ = 3.80 in
KBACK = 60,000 1b/ft
PLATE
CBACK = 10.8 lb-sec/ft = 40% critical
PLATE

NOTE: An equal and opposite force FBUFF(2) acts on the buffer.
A.2.33 FMG(10) = -FB(1ll) (See previous derivation)
A.2.34 FMG(ll) Gravity force on main gun

FMG (11) = _MMG g sin BE (A-79)
BE = angle of elevation of the gun

MMG is a function of the number of rounds in the magazine. With
no ammunition, MMG = 5.84 1b
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A.2.35 FMG(12) -FBC(10) (See previous derivation)
A.2.36 FMG(13) -FBC(11) (See previous derivation)
A.2.37 FMG(1l4) Friction between buffer and main gun

A combination of Coulomb friction and viscous damping was assumed.

MG (14) = “Upypr Mpypp + Mporar) ©0s Op s&n (Ro—Xpiep) ~Chypr Ko Xpurp) 4780

MTOTAL = mass of buffer weights = .224 1b
MBUFF = effective mass of buffer tube = .146 1b (Includes 1-mass of
. 3
drive spring)
YBUFF = .2
Cupr = .01 1b-sec/ft
Forces Acting on the Buffer
A.2.38 FBUFF(l) = -FBC(6) (See previous derivation)
A.2.39 FBUFF(2) = -FMG(9) (See previous derivation)
A.2.40 FBUFF(3) Force from drive spring acting on buffer
e = —C (X 29y =
FBUFF (3) K(XBUFF YI) C(XBUFF 1) B Ks (A-81)

See derivation of FMG(5)
A.2.41 FBUFF(4) Gravity force on buffer tube

This force acts continuously.
FBUFF(4) = _MBUFFg sin GE © (A-82)
GE is the angle of elevation of the rifle

MBUFF is the mass of the buffer tube.

A.2.42 FBUFF(5) Total buffer tube interaction with buffer weights.

This force arises from friction and from impact between the buffer
tube and the end weights. Two methods of treating this force are pre-
sented. The first assumes that all the buffer weights are lumped
together as a single mass. The second provides each mass with a separate
degree of freedom.

LUMPED MASSES:
Consider the following idealization in Figure 41,
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POLYURETHANE CAP

BOLT

CARRIER Mg M

D

ERSCRN
=
o
ARRRN
=
w
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TWO MASSES ARE INCLUDED IN M,

Rubber spacers

M5IWM4MMAM3MWW\1M2WMI

Figure 41 Schematic of Buffer Assembly

The equations of motion are:

MX =KX +K (X -X)

1.1 11 2072, Fil

MX =-KX-X)+K X-X)
2.2 2 2 1 3 3 2
M =K X-X)+K X -X)
3.3 3 8 2 boou 3
MX =-K X -X)+K X-X)
b4 4 4 3 55
MX = -K (X X))

5 5 & 5 4

What is now sought is an effective spring constant for the following

lumped system:

Keff
M| + M2 + M3z + Mg + Ms MAVWMWWWVYWWW

NNN NN NN\

This effective spring constant will be chosen first by computation of
lowest natural frequency of the five-mass system, and then by calcula-

; - \2 .
tion of Keff = MTOTAL O N MTOTAL is the total mass of the weights

and spacers. QTN is the lowest natural frequency, and Keff is the

effective spring constant of the system.
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Now compute the lowest natural frequency. The equations of motion

given above can be rewritten in matrix form as: MK + KX = 0. (A-83)
M 0 0 0 O ]
olM 0 0 O
M = 0 02M 0 O (A-84)
0 0 0°M O
0 0 0 0*M
b 5 -
K +K -K 0 0 0
1 2 2
-K K +K -K 0 0
2 2 3 3
K = 0 -K K +K -K 0 (A-85)
3 3 4 4
0 0 -K K +K -K
[ 4 5 5
0 0 0 -K K
| " 5
X = (X,X,X,X,X)T (A-86)
12 T2 T3 T’ s

Assume the following solution to the matrix equations: X = Xo sin wt

Substitution into the equation then yields w? MXO = KXO

Let A = _%. Then lXo =K !M X . The solution of this matrix equation
is an eigenvalue problem. The largest eigenvalue XMAX’ which corresponds
to Wyrys is obtained by a standard numerical technique known as the

power method. Then Ke = —EQIéL-. For purposes of calculation, all

£ Max
springs are assumed to act simultaneously. When the masses strike the

forward end of the buffer body, m = m =m =m = .0406 1b,

1 3 4
m = ,06151b, K =K =K =K =K K = 60,000 1b/ft
5 1 2 3 4 5 6

Then

I~

F
OvTN = 1801 cps, and Kéf% = 22,567 1b/ft.

When the masses strike the rearward end of the buffer tube, m = .0615 1b,
1

m =m =m =m = ,0406 1b, K =K =K =K =K = 60,000 1b/ft.
4 5 1 L L5

wyry = 1944 cps, and k®) = 26,405 1b/ft

eff
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Let XWTS denote the position of the center of mass of the buffer masses.
XWTS is zero when the weights are fully forward. The following friction

force exists between the buffer masses and the buffer tube:

Fertcrron = ~Mwrs Mrorar & ¢os g sen R Hiig)

“WTS is the coefficient of friction and GEis the angle of elevation
of the rifle.

Let superscripts (R) and (F) denote rearward and forward impact, respec-
tively.

Let XS denote the total amount of play between the buffer weights and
the ends of the buffer tube.

Then

FBUFF(5) = F k (F) c(®

FRICTION eff (KWTS BUFF eff (XWTS BUFF

S >
£ Xypg Xpypp 2

_ (R) = (
FBUFF(5) = Frprcrron + Kegr wrs ~Xpurr T Xs) + Co  Gyps - L per)

- L -
If  Xps Xpurr = X

X = A3 An
s
Nominal values are: UWTS =i L2
(F) = 6.44 1lb-sec/ft = 337 critical
eff
Cé?% = 7.56 lb-sec/ft = 33% critical

In the solution of the equations of motion involving XWTS’ the force
acting on the lumped mass is then

F = -FBUFF(5) -M

WTS Torar & Sir O

This lumped mass approach appears as an option in the computer program.

Individual Masses

In this approach, the motion of each mass must be considered to
predict the motions of the end masses, by which the force input to the
buffer body is controlled. Five systems, each consisting of a mass and
a rubber spacer, are assumed to be free to move within the buffer body.
These systems are not joined to each other as in the case of the lumped-

mass analysis. Schematically, each system is idealized as:
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This point moves

1
j— M relative to tube

and strikes
L mass just ahead.

and appears in the buffer body as shown in Figure 42.

T K2y rS K4 Ks Ke
BOLT S 'ﬁw_n js:
CARRIER Fﬂ- M| F-I_}— M2 F M3 F‘ Ma Ms F¢
Ie, C4 I e, Co ey C,

Figure 42 Schematic of Buffer Model

In this idealization, the metal spacer in the body is assumed to be
joined to one of the buffer weights. Six masses could be used if a very
stiff spring were assumed to act between this metal spacer and the adja-
cent buffer weight. However, the stiff spring would require the use of
a very small integration interval, and the slight increase in realism
would not be worth the increase in computation time.

The buffer weights also exert force on the buffer tube through
friction. The total force on the tube from the weights is then:

5 - - - -
FBUFF(5) = +.E ui Mi g sgn(Xi _XBUFF) cos SE + Kl(X1 _XBUFF) + CI(X1 —XBUFF)

=1
i (A-89)
£ X Ty 20
5
FBUFF(5) = -L WM, g sgn(X, —Xpipp)cos Ok, (X, Xpyppt X))+ CGCXS ~Xgurp’

i=1
(A-90)

X <0

If X X v % S

XBUFF is the position of the center of mass of the buffer tube,

pi is the coefficient of friction between the ith mass and the buffer tube,
BE is the angle of elevation of the rifle, and

g is the acceleration of gravity.
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Nominal values for spring constants, masses, and damping coefficients

=
I
Il
Il
]

M M M .0406 1b, M = .0615 1b,
1 2 3 0 5

G =0, =l =G 12 1b-sec/ft
1 2 3 i 5

K =K =K =K =K K = 60,000 1b/ft
1 2 3 4 5 6

This individual-mass formulation is the one normally used in the

(]
I

computer program.

A.2.43 FBUFF(6) = -FMG(14) (See previous derivation)

Forces Acting on the Buffer Weights

A.2.44 FNTS force acting on the lumped mass

This force is not used in the individual mass approach. Therefore,
it is used only as an option. Part of this force is caused by frictionm,
and part is due to impact of the lumped mass with the buffer body. The

: . ; i v =
remainder is caused by gravity. FWTS = -FBUFF (5) MTOTAL g sin SE

A.2.45 FMl 1 (i = 1,---5) force acting on individual buffer mass due

to spring just forward of a mass

These forces do not occur when the lumped-mass approach is used.
These spring forces act only when adjacent masses are in contact. In
writing the equations, use of the following asymmetrical unit-step

function is helpful: 0 for X< 0
U, (X) =
1 for X >0

Then define:

i=1,2,3,4
Foo2 IR X Kpppp) + C K Xpuepd 1 U X Xpypp) (A-92)
P2 K Gyypp X X 0+ C (gypp -X 1 U Gpppp X X ) (A-93)
L K o A
i = "play" between buffer weights and tube in longitudinal

direction

XBUFF = position of C.G. of buffer tube.
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A.2.46 FM Force acting on individual buffer mass due to spring just

1,2
rearward of mass

This force does not occur in the lumped mass approach.

FMi o = Fi i = 152605 See A.2.45 for definition of Fi' (A-94)
]

(The subscript "i'" refers to the ith mass)

A.2.47 FMi 3 Friction between buffer tube and buffer weight

This force does not occur in the lumped-mass approach.

FMi,3 = iy Mi g cos GE sgn (Xi _XBUFF) (A-95)

i=1,2,3,4,5
My is the coefficient of friction between the ith mass and the
buffer tube,
BE is the angle of elevation of the rifle.

A.2.48 TM Gravity force

i 4
This force does not occur in the lumped-mass approach.

FMi,& = -Mi g sin BE (A-96)

i=1,2,3,4,5

Torques That Affect Rifle Rotation

A.2.49 T Shooter's body applies torques that both

SHOULDER® CBODY®
increase and decrease rifle rotation

The model developed to account for rotational motion allows only
one-way coupling between axial and rotational motion. That is, the
forces acting parallel to the bore axis are allowed to affect the
rotation of the rifle, but rotational motion is not allowed to affect
axial motion. When the present M16 Rifle math model is joined with
the man model under development, complete coupling will occur between
axial and rotational motionms.

In this model, the effect of the shooter's body is described by

torsional and linear springs, and dashpots as shown in Figure 43,
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FMGI(1)
Kmount

1=

CmounT

Figure 43 Schematic of Simple Man-Weapon Interaction Model

r, = distance from centerline of barrel to center
r,_ = distance from butt plate center to center of gravity of rifle

Ke = effective torsional spring constant

Ce = effective torsional damping constant

IG = moment of 1inertia of rifle about a transverse axis through
the center of gravity

GG = angle of elevation of barrel

The spring and dashpot at the butt are designed to approximate
resistance from the shooter's shoulder. This resistance tends to cause
rotation. The force acting through moment arm T, is identical to FMG(1).

Tsnourper ~ ~F2 TME).

The torsional spring and dashpot approximate the restoring moment
exerted by the shooter's body in response to pitch motion. It includes
the effects of his hands, arms, and upper torso. The values for KG and
Cg Were selected as the same used for the XM19 Rifle model. These values
lead to dispersion in bullet impact that accurately reflects what is found
by experimental firings. That these values work well for two such diverse
weapons is an indication that they constitute a valid approximation. They
are not necessarily the only values that will give the proper dispersion,

but they are physically reasonable.
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-

TBODY = KG BG —CG BG (A-97)
Nominal values are: r, = .34 in
K. = 50 ft-1b/rad
CG = 2.83 ft-1b-sec/rad
I, = .135 slug-ft?

KMOUNT = 300 1b/ft _
CMOUNT = 9.53 1lb-sec/ft

A.2.50 T Motion of internal operating parts tends

INTERNAL GUN MOTION'
to increase rifle rotation

These forces are assumed to act along the centerline of the barrel.
They consist of all forces on the main gun except the mount force FMG(1).
The force names are: FMG(2), FMG(3), FMG(4), FMG(5), FMG(6), FMG(7),
FMG(8), FMG(9), FMG(10), FMG(11l), FMG(12), FMG(13), FMG(14). The moment
arm through which they act is r; = .78 inch. From Newton's Second Law,

the sum of these forces is XMG (MMG) -FMG(1).

TINTERNAL GuN MoTION -~ F1 [Myg Xy "PED)] (A-98)
MMG = mass of main gun = 6.2 -.0252 (N -19) 1b
N = number of rounds of ammo in rifle at any

given time
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APPENDIX B
SOLUTION OF EQUATIONS OF MOTION

In solving the equations of motion“by the Runge-Kutta technique,
one must put the equations in the form X = f(y,x,i). Thus, second
derivatives must be found explicitly. When constraint forces act,
the equations for these second derivatives are coupled, and algebraic
simultaneous equations must be solved. Otherwise, the second deriva-
tives can be found explicitly by the simple rearrangement of terms in
the equations. Cases where simultaneous equations must be solved to
find second derivatives are described below. Cases in which no coupling
of second derivatives exists, and in which second derivatives can be
found by equation rearrangement will not be discussed.

B.1 Coupling between XMG and 0 due to constraint force FMG(8) between

hammer and gun

This force acts at all times.

My Iye = I° FMG(1) + {}n" [z, (6 cos 8 -6 stn 0)] -FHG(7) -rBC(a)} (B-1)

i=1
(1y8)
I 6 = Tspring ~ F2 €08 (ay + 8) FMG(7) -My iuc (cos 6) r, - r cos (e + a) FBC(B)
(8-2)
= : HH2 roz cos? ¢ -1 15
Yo = |Mnc * My - - [, e (B-3)
i (1#70r8)
-HH' [ r, (( TSPRING "1‘2 cos (8 + ajz) FMG(7)
-r cos (a + 8) FBC(8)) cos 6 I~} -62 gin 8)] -rncca;}

© can be found by substituting XMG into (B-2) and rearranging terms.
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B.2 Interaction among KB, X__, and XMG while bolt and main gun are

BC
locked together after locking

Xg = Xye
w 3 15
—_— 121 FMG(1) + F___
M x 12
B(e) ¥ ~ 151 FB(1) - Foon .
i = & ~ 1s :
& e ™ fl FB(1) +1£1 FMG(1) - FBC(8) - M, [‘o(er cos® - 82 sing)]
(1#701r8)
H}Iz roz cos?p |-1
X[HH * - = — (8-4)
H
= — i’ —1 -—
where BT =] [TSPRING rzcos(a2+6) FMG(7) -r cos(0+0) FBC(S)]IH (B-5)
B.3 Coupling between XB and XBC during the process of locking
" 12 dBB 2 v %
M5 6y %8 -121 EB L) I(Xy g0y 1(Xpe ~Xp) (B-6)
1#7
" 12 dGB £ L L
MpcXee =%, PP T T, G0 I,(Xpe ~Xp) (B-7)
i#5
X i 1" (% e + Pl M
=JM_ I FB() + || I FB(1) + I FBC(L
3 [ BC.y d (X —Xp0) - dut ) 5 2)MBC
147 147 i$5
. daB 2 }-l (B—'S)
H——" I, (M + )
[d(xB ol T Mse M
” 12 dSB £ 12 12
X, =(M L FBC(L) +|—r— 1[I FB{) + I FBC(L)
BE {B(E)ixl d(Xy Xpe) B(i-l {=1 ) {HB(E)H“
145 147 1$5
(B-9)

de “ -1
+ [m)] Iy Myegy + “ac)}
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B.4 Coupling between XB and }.(i\{G while the bolt is locked into the main

gun, but before the locking process is completed

Xg = Xye (B-10)
M, “r *cos?s 15 .
My *+ My - —r— e -1-2-1 FMG(1) -Mr (6 cos® -8%sin 0)-FBC(8) + F__  (B-11)
 1#70r8
- 12 dBB 2 ) W
el TR Mg x| %8~ Feon (8-12)
i#7
- 12 deB 4 - -
MpcXpe =i£1 FBC(1) - d(Xy X;.) Y . (B-13)
Xe = Xp (B-14)

The equation resulting from the addition of (B-11), (B-12) and (B-14)
have the same form as (B-6) and (B-7) if MB is replaced by

Hﬂz roz coa2 0 i’ d b
'HHG + HB(E) + HH - IH and FB(1i) 18 replace y

i=1
147
T 62 @+ I EB(Y)
I FMG(1) -M_, r (6, cos 0 -0° sin 8) -FBC(8) + B
1=1 HH o T {= 1
@#70r8) 147 i

Hence., X‘B and XBC can be found.

B.5 Interaction among 6, XBC’ XMG during cocking while the hammer and

bolt-carrier are constrained to move together
12

M. Koo " 151 FBC(1) + FBC(8) (B-15)
148
= 15 s £2
Mo Koo 151 FMG(1) -M, [ r_ (8 cos 8 -2 sin 0) + Xyecl -FBC(8) (B-16)
L¥70r8)
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I, © = Tgpping ~F FBC(8) cos (0 + a) -M, Ryg(cos 8) r (B-17)

The constraint equation and its derivatlves are:

r [+ X -X #
- ; sin T, + ("BC "MG)
o =f(X, . - X ) =-a + tan ! (B-18)
Me BC B r cos &
8 = £' (Xye=Xpe) (Xyg=Xpe) (B-19)
Lad - » - 2 : _ - .—n ¥
g = MY (X -Ko) (Rye=Xpe)® + £' (Xye=Xpe) ¢ W ) (B-20)
r o + X_ .-X 2
where f' (XHG_XBC) o T 1 sin 1 BC MG r cos a 1
z r1 cos a 1 1

LI} - - - - +
£ (xMG X_) 2(1'l sin al + KBC XMG) 1 (

rlsinu1+ ch xHG t? cos ol 1
BC — 1 1

r cos a3
1 1
From (12) FBC(8) = [Tgppine~Iy & ~My o (cos ) X, 1lr cos (8 + a)]7} (B-21)

Substitution of (B-20) into (B-21) and the result into (B-15) yields:

I, £' Xye-X v T 8. =% + M r cos 6 -

H MG "¢

My, - ( ) }xnc & [ i~ ("MG~"BC) B "o g (B-22)
r cos (a+8) r cos (a+0)

12 " o v —X 2
= I TFBC(L) + 'SPRING - Ty £ Xye¥pey FucXso)

i=1 r cos (64a) r cos (a+6)
148

Substitution of (B-21) into (B-16) yields:

I.£" ,X. =% &
H (*MG_"BC) _ M, f'(X, -X_ ) r cos 8] X
[ S iT0) H MG "BC’ "o BC

(B-23)

M2 r? cos? ® . ' 1 f' X, .-X =i
+]- + + - + M -
H "o HMG £ (XHG XBC}HHrOCDH 6 HH H ("MG "BC) X

I r cos (a+0)

_M, T cos O
H o MG

15 T I, £'' X, . -X TirsoX
2 SPRING H ("MG "BC) ("MG
- iz-'l EHOCLY% M'Hro 9" iadn. 8= r cos (a+3)+ r cos (a+06)
i#70r8

2
3C)

- v - z
oMy cos 6 £ (Cxe7¥Be) (Fwe¥0)
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Thus, there are two equations (B-22) and (B-23), and two unknowns

XBC and XMG'
The equations are linear and of the form:

T Xpe * T Kyg = T, (B-24)
Vil * U, B ® o (B-25)

. U, 1
B¢ " TU - U T (B-26)

1 2 1 2

T e b5,
MG TU -U0T (B-27)

1 2 1 2

B.6 Interaction among 6, XBC’ XMG’ XB during cocking while the bolt is

locked into the main gun and the hammer is constrained to move with
the bolt-carrier

52 % - fl RO+ Foon (B-28)

Xp = Xyq (8-29)

% ;BC *od guc s (B-30)
B ;BC * A SEm; w U =R (B-31)

FCON is a constraint force that acts between the bolt and main gun to

prevent relative motion between them.
Add (B-30) and (B-24) to eliminate FCON’ then the equations to be

solved are:

- e 12 :
U Xpe + (v, + Mpgy) Xye = U, + iz:-1 FB(1) (B-32)
Ty Xpe *+ T, Xy = T (B-33)
X5 w Xye (B-34)

The first two equations are of the form (B-24) and thus have similar

solutions. The third equation establishes XB.
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BC? XB’ 0 while the hammer is cocking;
the hammer and bolt-carrier are constrained to move together;
unlocking is taking place, but the bolt is still locked into

the main gun

B.7 Interaction among XMG’ X

This case is a combination of cases B.5 and B.6.

The equation for the bolt is:

. 12 de J a 2 de r *er ?
: B B 2 : (B-35)
X i L FB(1) + e s I (X -X ) + —_— = - B H F. +F
B B {m] I:d(XB XBC)] B*BC "B d(xn-ch 3 I N N
1¢6 2 1

where MB is the mass of the bolt alone.
The negative of FB(6) must now appear in the equation for the

bolt-carrier

3
ae LT de r ‘-r
% e o % 3 2 ’ L w
+ X = T - —_— 1 (x =X ) - ————— B (B-36)
T Xpe * T, %uc 3 [d(xn'xnc)] B'"BC "B d(Xp-Xz)3 e rzz_r‘z N

NOTE: 6 has already been eliminated in this equation,

For convenience in eliminating F_, one can consider that the cartridge

N
case is now part of the main gun rather than the bolt. The equation
for the main gun becomes:

UI KBC + (U2 + Mc) XMG = U3 —FN. (B-37)

NOTE: 6 has already been eliminated in this equation.

The equations can be summarized as follows:

de : - de : . 12 e, o M i"E
B Bl -3 Ly 22—l p +F
—2____{ . lx . I_(X =
Mg +[d(x3_xsc)] Bf"B {I:d(xB—XBC) B|"BC ., d(Xy Xpe)d ¢ .2, 2 NN

1#6 2 1
: b o b = dhy | g B
d8 2 a CATR T g
B Ax. +4T + B I Xt K™, " TE. X 3% _z2_2 N (B-38)
[m] M [WX_BJ] BT e ¥ S
U Xpe+ @, * M) X =Yy -y - (B-39)
;;MG - ;B (B-40)

To condense the equations, define the following:
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~
n

de
—B |1
i 7| x| B

dé 2 r “=-r

el s B, 2
2 d(Xg-X ) 3 Te 2 2

m

BC

The equations become:

12

[My + K ] ;s = EBC - f-1 FB(1) '+1<2 Py + By (B-41)
1#6

- K xB +IT +K ] ;BC ) ié»xc = <k (B-42)

v EBC + (u2 +M) JZHG Wiy =R (B-43)

;HG " iEB Cai

Now eliminate FN:

Multiply (B-43) by (K + 1) and add the result to (B-4l).
2

[-k + U (x X :
i . ( 3 + 1)] xBC + [HB + K: + (Kz + 1)(52 + Hc) xHG (B-45)
12
- T FB(1
T (1) + [1 + k10,
1#6

Next, multiply (B-43) by (K ) and subtract the result from (B-42).
2

+[T2—K!-K2 (","'“c”x =T -UK (B-46)

MG 3 ' 2

+ -
[T1 Kl szz] xBC

Xec and XMG can be found by solving (B-45) and (B-46) simultaneously.
XB = XMG determines Xp-

6 can then be found from (B-17),
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APPENDIX C
SPRING-SURGING AND COIL-CLASHING ANALYSES

Many phenomena occur in weapon operation that can be modeled as a

series of masses connected to ideal springs and dashpots in the follow-

ing manner:

AWM FAVWA— Rhbidia

3 = F---1 A

For example, instead of making the common assumption that one mass upon
impact with another encounters an ideal stiff spring, one caﬁ account
for the wave-like propagation of stresses by assuming that the body
encounters the spring system shown above. The body being impacted is
thus assumed to be composed of many masses separated by springs with
stiffness based on Young's modulus. With proper selection of masses,
springs, and dampers, one could better approximate impact and include
higher modes of oscillation.

As an alternative to using linear springs for physical simulation
of helicopters and other vehicles as firing platforms, one could include
higher modes of oscillation and possibly more closely duplicate the
response of the actual system to firing loads. For a helicopter simula-
tion, one would need one set of springs for each mode of vehicle flight
such as hovering, diving, etc.

One can also use this spring-mass system to represent the action
of rapidly compressed springs in the philosophy of the finite-element
or lumped-mass concept. Each point mass could be considered to be one
coil mass, although several coils could be combined and considered, in
a rough approximation, as one point mass. Spring constants could be
set so as to force the overall system to have the same spring rate under
static conditions as that of the actual spring. Damping coefficients
could be set so as to make the overall damping equivalent to the best

estimate for the actual spring.
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For all the above-listed applications, including the spring, the
governing equation for the ith mass, where "i'" denotes neither the first

or last mass is:

+ - + i .
MK, +2C K, + 2K K, = K(X, | + X, ) +C(X_; +X

1t ¥n ). (1

i+1
In this formulation, mass, spring, and damping values do not change

along the spring.

F(t)
Koo — K K K K K : Koo
WYWWA MV WV VWY AV . VWWA- - VWV
FP __!]_. M, "",-_I"' P ]_ Mi_y _E]_ M _n_ Mis1 _']_ o My _{]_ MG
c c c c c c Co

Figure 44 Drive Spring Model
Consider the following drive spring. The main gun is on one end, and the

firing pin is on the other. The equations are:

ME w SR =X ol (A=4)] ROS(X S XL} G £(t) (c-2)
MK, = (X - X ) K-Gy - Ry €o-(X - Xy ) R-C Ry - X)) (c-3)
M = (X, - X - (8=8)] K+ C (R _, - X))+ F(t) (C-4)

X's are measured with respect to ground at t = O for a preloaded spring.
The free length of each spring is A = (Free length of total spring)/
(Number of coils + 1).

The length of each spring at t = 0 is § = (Initial length of total spring)/
(Number of coils + 1).

The length at any t is § + Xj X,

41 for a spring located between mass j

and mass j+l.
The force exerted on masses j and j+l1 by the spring located between them

is [A -6 —Xi + Xi+1] K (n+l) where KTOT is constant for the entire

TOT
spring and n is the number of coils.
Now

£(t) = K, [Xgp - x“o S K e e B 6, (kpp - X)), set (A, - S_)

such that the net force on Ml is zero at t = 0.
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Then
K, [-A_ + 6] = (A-8) K

K
- By + b, = (8-8)

o«

K . .
£(t) = Ky [Xpp - xFPD_ X,x B8] * &, My =K (C-5)
- o i ' ' [ _.
Now F(t) K, [xuc xuco xn + (A', 6 )] + C [xMG xn]
Set [A',=6"'_] such that the net force on Mn is zero at t=o.
K(A-8) = K [A'=6" ]
K
A'=6' = == [A-0]
-] oo Km
K . - I
F(t) = K, [X, X, <X + X (8-6)] + €, [Xy.-X ] (C-6)

<]

NOTE: f£f(t) is the force exerted by FP on Ml’ and F(t) is the force

exerted by MG on Mh.

In many instances, one is not interested in the details of the
motions for each mass, but rather in how the first and last masses
respond to input signals. Thus, for many applications, it would be
very useful and economical to use a transfer function for the system,
if such a ratio of output to input could be found. Laplace transforms
were applied to the equations, but no inverse was found. Because this
approach still seems potentially profitable, the preliminary work is
now presented.

First substitute (C-5) and (C-6) into (C-2) and (C-4), respectively.
The term K(A -8) is cancelled, and the result is:
5;1 + (K+K_) X o+ (c+c,) il—xxz-ciz = K [xFP-x?PO] i Cmiép (c-7

= X - -cX - -cX -0 =
MX, o+ 2KX, + 20K, oKXy, <CKy, oKXy TP (C-8)

.

-

MK+ (K+K,) X+ (c+c,) X -KX ,-CX , = K, (XHG-XHGO) + CoXye (c-9)
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Now define the following linear operations:

Lm0
o

dt

L o= o Q4 (ercy) 40 4 (x4x,)
1 d+?

2 f:
L o= o 30 479¢ %{l + 2K

c d+?

Then equations (C-7), (C-8), and (C-9) can be rewritten as:

LY +4LX +0X +0Xx +°"° "+ oxn = K, (xFP—xFP ) + cmxl.,P
11 C 2 3 Y o
X +LX +0x +°*"°*+0x =0
Loxl * L2 2 o 3 L n

+LX +LX +°°"+0x =20
Oxl & Loxz 2 3 0 4 n

.

- - + X
OKI + oxz + oxa + oxh + LO%P& + len K, (XHG xHG ) C@XHG

Now take Laplace transforms of Lox(c}, le(t), sz(t)
L AL _[X(t)]} = -c [SX(S) =X(0) -KX(S)]
Z AL [X(e)1} = m [$?X(s) -5X(0) - X (0)]
+ (C+C,) [SX(S) -X(0)] + (K+K_) X(S)
K AL, (X(6)]) = m [$°X(s) -sx(0) - 4x(0),

+ 2C [SX(S) -X(0)] + 2KX(S)

Assume X(0) = X(0) = 0

KAL [X(£)]1} = -c [s + %] X(s) = a_(8)X(s) -

2
X {Ll[x(t)]} = [mS + (C+C_) S + (K+K_)1X(S) = aI(S)f(s)
JC{LZ[x(c)]} = [mS2 + 2CS + 2K] X(S) = o (S)X(S)

Also define

% FP-XFPDI,+ ColXppl} = g (8)

o MG_KMGO] + Cw[xuc]} = g, (8)

(c-10)



Now take the Laplace transforms of Equation (C-10)

GI(S} X (s) + a (s) X (S) + 0X (s) + th(S) o ov o8y oi;(s) =g (S)

uO(s) xl(s) + uz(s) xz(s) + aO(S)xa(S)+ Oxu(S} +

0 xl(S) + a (5) xz(S) + a2<5)x8(s) + a0(8>x“(5) #.: *

+ oxn(S) = 0

. .

+ oxn(S) =0

0 X (s) +0X(8)+0X(s)+0X(S)+al(s) X (s) + “1(S)xn(s)'3=(s)

n-1

Consider gl(S) and gz(S) as known. Such an assumption implies that

XFP and XMG are given.

— - - _ i
a o 0 0 ° * * 0 X (s) g (8)
1 (o] 1 1
a a o 0 0 X (s) 0
[ ] 2 o 2
0 Go G’,z aO . 0 X!(S) 0
0 0 0 O ae xa(8) 'sz(S)
S el  — - - —

Solve for X (S) using Cramer's rule. The denominator of the resulting

1 —
expression for XI(S) is:

i - ! = : = S0 = =
. * 1_vn 1 " o z_vn 2 T o™ 2_vn s o 3_vn 3
1. U=V o u-v [¢] 1 o

det [0] = U-l -V

i -3
Un < 242 Vn 2
det fa] =vo= e ~el]? wivegm o V> a,l
— —
a + "a? - I;az a - a: - ‘OG:
where U = —2 ; v -2 2
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In Reference !l, it is shown that the determinate of a MXM triple-

banded matrix is:

A A 0 0 o " "o 0
2 O
A A A 0 o - o 0
020_
0 A A A o ¢ 0 0
o 2 0O s
: i} um+1 _ vm+1
u-v
0 0 0 0o ° " " A A A 0
32 0O
A A
o o0 o0 O GAO 2 o
0 0 0 0 i 0 0 Ao Az

where U and V are the roots of X2 -A X —Az =0
2

By this fact, the surprisingly simple result for det [0] was made
possible.

The numerator of the Cramer's rule solution for i'(S) is:
1

¢ K - 2 _q1yn+l n-1
gx[ 1 n-2 aoKn—3]+(1) g, %
i+1 i+1
whiere K, s =¥
e E u-v
thus 1
+ = n= n-1 n-2 -2
- R a“1+g[a.“—._:"_-ng_.
X (8) = 2 © 1 1 u-v o u=v
1
n-3 n-3
U l 2]2 v [
Ua -o — 2] 2
u-v 1 o U-v a} .4 GO]
+1 n-1 A ; a
-1" g, &, (U-v) + g u® z(alu u ot:‘;) - y2

- il
xI(S) = gl(ulv ao)

" le U - 0212 V3 (q v - o?]2
1 ] 1 [

1lMuir, Thomas, A Treatise on the Theory of Determinants, Dover Publica-
tion, pp 564.




One finds a similar expression for the last coil. If these are

rewritten in the Ki—notation, the result is:

+ -
n .13 & 1

. 2
-a” K
o * g; (“,Kn-z o n-—3)

2 +C€{+K

2 i
ug I{'n 2a1ao Kn—3 o n-4

n+l n-1 S )
5 (&) = (-1) 8, o + g, (r:t.ll'tn_2 ol Kn-3)
n
2 i 2 gt
ccl Kn—z Za!ao Kn-3 ao Kn—ﬁ

The great difficulty is in taking the inverse transforms. If one
can find the inverse transform of i; (S), one can then easily evaluate
the spring force acting on the firing pin if the motion of the firing
pin is given. Many methods for finding inverse transforms were used.

The following expression is shown in Referencel?,

geey =27 [T (a)) = o He : Gh®

k=0 k!
- 4
where c, = I ke 1 % 1 i
k i=0 (j) 31 (2) k=0, 1, 2,
= o * bt 2 & T a4 s »
L (e) = ef ¥ (eF eTF) - (¥ xF x4 L ]

dtk
The KK(t) are Laguerre polynominals.

The above method did not appear to converge. Because of time con-
sideration, the transfer function approach was temporarily abandoned,
and a direct solution of the equation was sought. However, the finding
of a transfer function for such a mechanical system is of such impor-
tance to weapon modeling that efforts should be resumed; perhaps Fourier

transforms could also be tried.

12korn, G.A. and Korn, T.M., Mathematical Handbook for Scientists and
Engineers; definitions, theorems, and formulas for reference and
review, McGraw-Hill, New York, N.Y. (1961), pg 226.
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In solving the equations directly, the approach was to assume

that the right side of the equation for the ith coil,

X + 2CX, + = + X
MK, + 26K, + 2KK, = K(X, X, )+ C(X

1 i-l+ Xi+l) ?

is constant within any given time increment of integration. It can,

i

of course, vary from increment-to-increment. With the right side
thus held constant temporarily, homogeneous and particular solutions
are easily obtained for the ith coil, and one can evaluate its posi-
tion and velocity at the end of each time interval so that these
become initial conditions for the next time increment. The method
was found to give more accurate results than the fourth-order Runge-
Kutta algorithm in less than one-half the computation time. Compari-
sons were made between these two methods, and the exact solutions for
two and three masses.

A derivation of the method now will be presented. Assume, for

simplicity, that c_ = c and K. - K, and rewrite the equations as

follows:
W+ +2CX = +CX +K - +CX.y=h i
oK 420k =K+ R+ KOy Kgp )+ Chyp = (c-11)
MK, + 2KX, + 20X, = R(X, ., + Xy o) 0K, + X ) =hy (C-12)
MK+ 2KK + 20K = KX, + KX Xmo ) +CXy +X ) =h (c-13)

Integrate these equations from t=t1 to t=t1 + At. During this
interval, assume that the right side of each equation does not change.

The homogeneous equations are of the form

Hih-ru kh«pa,xh-=u.
where

a = 2C, B = 2K,

Assume homogeneous solutions of the form X = e t,
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Substitution of the assumed solution into the homogeneous equation
yields the following:

mr?4ar+8 =0

rm -0t 0 -4m

2m
Three cases exist that are analogous to the underdamped, overdamped,

and critically-damped cases for a single mass—spring-dashpot system.
CASE I

uﬁé mg< 0 0,_..3_5 - (%)2 >0 This case corresponds to underdamping.
m
a v B _ & g2
r--ﬂii m (Zm)
a Y B a 2 4V B _ o N2
-5t 1"E-GD ¢t i Gt
xh_e 2m Ae B Za + Be m 2m
-
7 tp B o +2
L — ——
x_h-e e (A+B) cos %—(%3)2 t +1 (A -B) sin E-(E) t
L
$ C cos "B-@y2¢c+c sin'B- &2t
X, =g ¢ j SO T ¢ 2 m  2m
=g

Now, find a particular solution to:

Hiij +aX, +8 Kj = hj = constant = h.41 (t=0)

]
h
- 4
"rj 5
Thus, the complete solution to equations (C-11), (C-12), (C-13) is:
a
-—t h, (t=0)
-e 2m YB_ @& Y8 _ &2 e B
xj e ° [clj coa; e (-2-;;)2 t + czﬂ 8in =G (—2-5) t] + 8 (C-14)
Cl_‘] and Czj are determined from the initial conditions
X, (t = P -
j( 1) 3 (c-15)
and
XLt =V,, Cc-16
j( 1) 3 ( )
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For simplicity, equation (C-14) will be applied individually over
each time increment. Thus, t will be equated to zero; and Pj and Vj
will be equated to the respective values at the end of the previous
time increment. A separate accounting is made of the true value of
t as the solution progresses.

Application of the initial condition (C-15) yields:

h, (t=0)

By =yt (C-17)
h, (t=0)

Oy =By~ L (c-18)

Now,

- ==t
LR | 2m v B a 2
xj.ﬁe [ 4 cos E-——(E) t
+ C , sin B G2t }
2] m 2m

v B a v B a
BE s T CEEDZ cos - G2 e ]

Application of (C-16) ylelds:

v e

P L i)
3 2m-"1] 2 m Ty

h ] 2m B m 7m
h (t=0)
Cj'_""_l_'_ v +;—m(1=j-—-18—-——) (c-19)
2] VB _ a2
B &
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From (C-14), (C-18), and (C-19)

-—t h, (t=0) f—
X =e 2m (Pj ——J——-)cos %- (92";)2 t

k| B (c-20)
h, (t=0) TR
e [vj +;—m (Pj ——js—-—)] sin %- (g-nj)zt:
"o &2
m m
s h :’:'0)
- e il 0 N
xj (t=t +40t) =e O (Pj - -JE?—L cos == @ ac (c-21)
h =
g [ - 2 (T
v 2K (4] m
s
A h, (t=t )
2K

Pj and Vj are position and velocity of the jth mass as calculated at the
end of the previous time interval.

Since the value of }'{j at the end of each time interval is needed

as an initial condition for the next increment, X. will now be calculated:

h|
a
. "I " Y B v B a .
s ) ['%cm*’czj E'(g")z] cos " p- Gt (c-22)
o v S
[Zm 2j+clj m (21112] alx m (.2.5)2 t}
ﬂ%;t o h + ...l E
k.‘l-e -ﬂ(j )+v‘ ()(V a (j ) m,
n 2m
l
(C-23)
= =T D



i ¢ -

® 42
X, = e V,cos'Z2- ()%t - sin = - (E) t (C-24)
m 2m & T m
! . n == ('g'—)
m m
C
- — At ——r
ij (e=e + ) = e " v, cos ( i—K— (%)2 &t) (C-25)
0.
e IZE_ Bt
sin 5 (m) At
o’ 2K _ (&2
m m

P, and Vj are position and velocity calculated at the end of the previous

]

time interval.

CASE II

a2 —4mB >0

or
2K —(C)2 <0 Thi
ol = Uk 8 case corresponds to overdamping.
= - & -+ (E..— - .g
& 2m — 2m m
- S ‘(C‘_‘)z_ﬁt _'(E_.)Z_Et
2m 2m m 2m m
Xh = a Ae + Be
h
- -uj‘
xPj g
I j Voo 8 -v .2 B h
X =e 2m Cc e 55) “n + C (H) n . + - 1 (C-26)
h| 11 2 e B
at . ( )
c-27
t=0, xj Pj
and
g =V (0-28)
X =Y
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a2 B _
(‘2;) -E=D
Then
a
. . Tt /D ¢ -/D ¢
xj'e n [(:1.1 YD e -czj D e ]
o e fEt —‘/_Dt
_z_t[ e
o D ¥ -/Dte
X = a :
y = e (cljf'ﬁ T =) +e (-¢ /5
o
-Eczj)J
. cmt /D , VB %
L CRR e 1R o, [ 7]

Application of (C-27) and (C-28) yields
a a
vj - cL1 (/T-EE) —c2j (/—ﬁ+2—m)

h, (£=0)

s [e-x)os [5-8] -

h
- --l
¢, [1] + C,q (1] P, -3

Now apply Cramer's Rule.

a
vj ~ v b=

13 =




h
R [ o
vj+.:1=-1 B) (/E+2m)

c -
lJ o o
(-3 VR by
My el
vj+(Pj—B)( D45y ; )
c = - C"29
13 2/D
o
/_ﬁ—-z-'a' Vj
h h
1 p, - -1 D-35) @ -2h-v
C = L - " ol - (c-30)
2 2 /B 2 /B
Substitute (C~29) and (C-30) into (C-26)
h
v, + (P -—J-) VD+2 | "Dt
o j j B m
~ 5=t
2m
X, =e (c-31)
2/D
h
(= -4 -
+ i 8 3 e /D¢ b
*3
2vVD
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3

v, + [p - Byle=t D) [Veey® _ 2K , e )V (ey® 2K ,,
e . ] b _.7___1_ m m m n n
- — At K
(t-tl+ At) = e e
eyt 2K
. Fl) = e
(c-32)
e h
) - 2K (Pj- 2—,})- v, S B LN
m m
" . N hj(t'-tl)
2" (% - 2K 2K

and Vj are position and velocity calculated at the end of the

previous time interval.

P,
J

Now, calculate X.:

h|
ot
A -t _ -/Dt
X =e 2m [c /TPt ¢ De ]
b | 13 2] :
- at 5 g
_a 2m Dt YDt
2m [Clj T eye ]
at [
- -/Dt
L 2m YDt a
= o s .
XJ e LB (CLJ D 2mc1j)+e (c2J D 2mczj)]
ot
A Dt < /Dt
xj e Clj (/_D---)e +Cz:} (*/—I_)--E)e
L
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~iS® 3 (c-33)
ij(t-t1+ At) =e T =

& w = JETTE e
+ i ot~
2'® - 2K
m m
¥/ c ? 2K
o e =) (;) e At
CASE TII
a? = 4mB
or
2K - (c 2
== = This case corresponds to critical damping,
r = - g_m Repeated roots,
a a
- t - 5=t
X, = A, By s e 2
h
X, = =+
P B8
a a
- =t o = h
2m 2m i
= A
xj 3 e + 1?.‘1 t e + B
o a [+
- .t - =t - o=t
oo A, a 2m 2m a 2m
Xj AJ 2m © +Bj [e —-2mte ]

At t =0, X, =P, , X =V



o Pyt 4y
a
VS iy g B
h
- —'4
A4 P T8

-Eﬁt h — -
xj (t-(‘.l‘f'dt)-e A P ——J(iil.)-}-bt (V + & (P ___hl(t ti)))
]

3 ZK i m 2K
h, (t=t )

+ -J——I_2K (C-34)
- S At h -
X, (t=t; + At) = ¢ o (- (p - —i(_t_:l.)_) £
b 3 2K m

h, (t=t )
*[VJ‘L'%(PJ‘ 2K )] [l'fi“] (C-35)

Pj and Vj are positions and velocities calculated at the end of the

previous time interval.

The choice of which pair of equations ((C-21) (C-25) or (C-32)
(C-33) or (C-34) (C-35) ) should be used for calculating the motions
of the masses is determined by the value of 2K _ (992.

Using the latest available calculated pziametzr values, one
evaluates hj at each time interval. All equations for Xj(j =1,2,3...)
are evaluated sequentially for one time interval before the next time
interval is examined.

NOTE: The above solutions can be generalized to a system with all
different masses, spring constants, and dampers if the following

substitutions are made:

= = -+ =
B Ki+1(i+l,u c; e ppm=m
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Spring surging and coil clashing can also be analyzed from a con-
tinuum rather than a finite element. A derivation of the appropriate
equations appears in Referencel3. This work was done under contract
to the Army Weapons Command, and a computer program is available. This
approach appears to be more economical than the finite-—element approach
unless a transfer function can be found. The search for such a function
is continuing.

A simpler treatment of inertial effects is to assume that an ideal
spring is acting on a mass equal to %—the mass of the spring. Because
the underlying assumptions are not immediately apparent, a derivation is
shown below:

Assume that the velocity of any point on the spring varies linearly

with spring mass between that point and the fixed end; that is,

m

V=.—-.—
MSPRING

vend )

Thus, the velocity is zero at the fixed end (m=0) and is equal to Vend
at the forced end (m = MSPRING)' Now, calculate the total kinetic

energy (KE) of all mass points along the spring.

MSPRING MsprING 2
1 J 2 1 J _m v2 _ dm
KE = = \') dm W = d
2 ), 2 Jo MsprING o

[ ]
B =

M
5 SPRING )
v 1 3 «l| 1M
( - ) 30d | 5 | 3 SPRING | end

MsprING

1
Thus, a mass equal to E'MSPRING that is forced against a massless spring
with velocity vend will have the same kinetic energy as the spring with
the distributed mass that is forced with the same velocity. The key
assumption is linearity of velocity along the spring. As the spring is

forced with greater velocity, this assumption becomes less accurate.

13Phillips, J.W. and Costello, G.A., Large Deflections of Impacted Helical
Springs, Journal of the Acoustical Society of America, VOL 51, No. 3
(Part 2), pg 967 (1972)
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APPENDIX D

EXTENSION OF DETERMINISTIC MODELS TO PROBABILISTIC REGIME

The M16Al1 Rifle model described in this report is deterministic.
That is, one is given certain single-valued input data, and the model
provides single-valued output information. Such a model describes
only one particular weapon under one particular set of firing condi-
tions, and with one particular round of ammunition. However, input’
data in reality have a range of values. Not all weapon parts will
have the same weights and dimensions because of certain manufacturing
tolerances. Not all rounds of ammunition will produce the same
pressure-time curve. Not all mounts will have the same stiffness.

Not all crosswinds will have the same velocity. Not all shooters

will hold the weapon the same way. Not all weapons will have the

same amount of lubricant and contaminant. Not all weapons are fired
at the same ambient temperature. Such a list is virtually endless;
however, the problem is not as hopeless as it may seem. Most of these
quantities have reasonably well-defined bounds, that is, wind velocity
does not vary from plus infinity to minus infinity. A reasonable
estimate of mean value and standard deviation is possible. One can
then construct a reasonable probability distribution function. The
more experimental data that are available, the more accurate this
curve is likely to be. Similarly for the other input data, one can
approximate probability distribution functions; of course, some will
be more difficult than others. The next problem is the determination
of how to process this information. The computer should accept

this stochastic input information, operate with it, and provide stochas-
tic output.

Two possible methods are discussed by which a model could be
designed to carry out this process. The first is the Monte Carlo
technique and the second is a generalization of the method of partial
derivatives. An alternative to statistics is also presented. This

is a perturbation technique.
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The Monte Carlo approach requires that one run the deterministic
model for many input values. These values are chosen to reflect the
probability distribution of the appropriate quantity. The method of
partial derivatives attempts to approximate the output means and
standard deviation given the input function. The perturbation tech-
nique is simply a way to examine the derivative of various quantities,
with respect to the others, to determine how sensitive the first vari-
able is to changes in the second. One can then use this knowledge
of the range of values for the second variable to determine the
significance of the derivative. The Monte Carlo method has a serious
disadvantage in that it requires a large number of computer runs. For
a complex model, this shortcoming causes the computer costs to become
excessive.

The method of partial derivatives requires only one computer run
and would save computer costs, but this method is more difficult to
set up. The technique does not provide the probability density function;
it provides a measure of the variability in output that could be expected.
The perturbation technique provides even less information directly.

The three techniques will be discussed in some technical detail in
the following paragraphs.

D.1 Introductory Example

First, an introductory problem will be presented to illustrate some
main ideas of this discussion about probabilistic models: The problem

is atypical in its lack of complexity. Let "m" be a mass sliding on an

inclined plane, as shown below:

— X



Ff is a friction force equal to umg cos O, where p is the coefficient

of sliding friction. The equation of motion for the mass is
mx = mg sin 6 -umg cos 8, 6 # O
I.C. x(0) = x(0) = 0

The solution is

2
[g sin 6 -ug cos 8]%—, x(t) = [g sin 6 -ug cos 0]t

x(t) =
or
x(t) = A+ By, x(t) =A +B
1 1
where
t2 2
A = [g sin B]E- , B=-[g cos e}f
A = [g sin 8]t, B1 = -[g cos 6]t

1

Suppose that one selects the inclined plane and the sliding mass from

a stockpile of these objects where the coefficient of friction has a
normal distribution. Certainly, the surfaces will have some differences
in finish and lubrication, and not all the coefficients can be expected
to be the same. Suppose that the distribution has a mean of .3 and a
standard deviation of .05. Then, from probability theory, x(t) and i(t)

have a normal distribution with means of x = A + B uo=A +.3B,

"

=A +B p =A + .3B
1 1 1 1

and with standard deviations of
g = [B2 (.05)2 1%

and

o+ = [B2 (.05)2 1% , respectively.
X
At any given time, t,» one can determine the probability that x(ts)

or ﬁ(ts) will lie within certain limits.
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For example, let us find the values of x(.5) that lie within two standard

deviations of the mean of x(.5).

Let
0 = 45°, g = 32.2 ft/sec?, t, = .5 sec
Then
A = 2.8461 ft, B = -2.8461 ft
and
x (.5) = 2.8461 -(.3)(2.8461) = 1.9923
o = [(2.8461)2 (.05)2F = .1423

P(1.9923 —2=; < x(.5) <1.9923 + 2 Ux) = ,95

P(1.7077 < x(.5) < 2.2769) = .95

The previous results are dependent upon the fact that the differential
equation can be solved analytically, and that the distribution is normal
and completely determined. If p had a log-normal distribution, it would
be difficult to find the probability distribution for x(t). With a com-
plex model, analytical solutions become virtually impossible.
D.2 Monte Carlo

To attack problems associated with complex models, other techniques
are required. The first to be discussed will be the Monte Carlo technique.
It will be applied to the simple problem of a mass sliding on an inclined
plane. First, a preliminary discussion of the technique will be made.

Let U1, Moy ees H be a sequence of random variables that are constant

in time. Let F; (u;), F2 (u )...Fn (un) be the corresponding cumulative
2 =

probability distributions. These may be known in terms of elementary func-
tions or from test data. For each random variable Mys random numbers gi
where 0 i_Ei < 1 are generated from a uniform distribution. The numbers
Ei are equated to F(ui) for some My Then many values for My are computed

from u, = F;l(gi) as shown in the following diagram:

i
Fi:‘_--_——-—-—ﬂ- ; §
?l/:/—
[
|
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The differential equations are then solved many times with the use
of the My values. The output values are then distributed in some fashion
not necessarily similar to the input wvalues.

Recall that the inclined plane problem is described by:

x = g sin 6 -ug cos 6, x(0) = %x(0) = 0, 6 = 45°, and g = 32.2 ft/sec?
where u is normally distributed with a mean of .3 and a standard deviation
of .05.

=53

Let Z = 05 °

F(x) be the cumulative probability distribution function of the standard

Then "Z'" has a standard normal distribution. Let

normal. 7
F (Z2) = J f(s) ds. Generate random Ei and compute Z = F_l(gi).
Then 4 = .05 Z + .3. Table 11 contains the values obtained.

By taking a sufficiently large sample, one can find approximate
probabilities that x(t) at a given time will lie within certain limits.

For example,

P(29 < x(2) <31) = ftrials (29 < x(2) <31) 18

total # trials 15

or
ftrials (1.7077 < x(.5) <2.2769) 14

P(1.7077 < x(.5) < 2.2769) = 15 .93
total # trials

From the previously derived exact solution, P(1.7077 < x(.5) < 2.2769) = .95

It is possible to place confidence limits on the estimate that the
probability is .93 that x(.5) lies between 1.7077 and 2.2769. Such infor-
14

mation is tabulated. From pg. 147 in Reference®’, a 95% confidence inter-

val about .93 is (.67, 1). This interval could be reduced if a larger
sample were used.
An estimate of the sample size required for a 1 -o confidence inter-

val (P -E, P + E) for the probability "P" is P (1-P) [Z N g_]z

1 2 a
n= . (Zl" 2
EZ

indicates that "Z" is a function of 1 - %—.)

ILEAugen, E., Probabilistic Approaches to Design, John Wiley & Soms,
Inc., New York (1968)
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TABLE 11 SAMPLE MONTE CARLO CALCULATIONS

3 Z u x(.5) x(2)

1. .816 .90 .345 1.864 29.82
2, .763 .72 .336 1.889 30.22
3. .061 -1.54 +323 1.927 30.83
4, .988 2.28 .4125 1.672 26.75
5. .174 -.94 .253 2,126 30.02
6. .709 +55 .3275 1.914 30.62
7. .889 1.22 .361 1.819 29.10
8. 772 .75 .3375 1.885 30.16
9. .893 1.24 .362 1.816 29.05
10. .232 .73 .3365 1.888 30.21
11 .091 1.33 .3665 1.803 28.85
12, .133 1.11 .3555 1.834 29.34
13. .197 .85 +3425 1.871 29.94
14. 469 .10 .305 1.978 31.65
15. .061 -1.55 .2225 2.213 35.10

For the case (1.7077 <x(.5) < 2.2769), E= .05, o = ,05, P = .93

and
.93(1 -.93)(1.96)2
n= = 100
(.05) 2

Thus, a sample size of 100 would be needed to get a 95% confidence inter-
val of (.88, .98).
D.3 Partial Derivatives

Now, consider the method of partial derivatives. This method provides

estimates for the means and standard deviations of the output given the
means and standard deviations of the input data. It does not provide a
probability density function for the output. The technique is applied to
algebraic equations in Haugen's book.quere, the technique is extended to
ordinary differential equations.
Consider the differential equation x(t) = F(x, a, t) (D-1)
TPRT) non

where x(0) = xo. The variable "a" is random and has a mean "a" and a

standard deviation "o'".

14%Haugen, E., Probabilistic Approaches to Design, John Wiley & Sons,
Inc., New York (1968)

D-6



t
The solution of the equation is x(t) = J F(x, a, 1) d T +x . (D-2)
o

o
Thus, the variable x(t) is also random.
Given that x , x . . . x are random variables with means g-, X .. o.x
1 2 n 1 2 n
and standard deviations S , S , . . . S_, define z=¥ (x , X, . . « X ).
X x X 1 2 n
1 2 n
Approximations to the mean and standard deviation of "z" are:
Z=v (x, x =
(xl, xz, xn) (D-3)
L 2
s, ¢ = %) 52 ]?1 (0-4)
3=\ "3

NOTE: In the approximation of the mean, higher-order terms in a Taylor

series expansion of "z" about X, are neglected. Some could be included

for greater accuracy. The partial derivatives in the approximation to
the standard deviation are evaluated at the mean values of the xi's.
These approximations are quite good if the variances are not too large.
The remaining development of the method of partial derivatives will be
based on these approximations.

Now apply (D-3) to (D-2)

s t
x(t93)=J F(x,;,T)dT"FKO

(4]
This equation means that the mean of x(t, a) can be approximated by the

solution of the differential equation where "a'" has been substituted for

nmn

a's
Now
3 2z 2 !5
Sx(t, a) = [(WESL:.L—E)) S&}
From (D-2)
axg:,a>| E e t 3F(x, a1 | _dr
3 a a=a 9 a a=a



s - ang,a,r)| dTt o
i x(tl ﬂ) o 0 a

ﬂ::
Consider the example

x(t) =ae °©

x(0) =0

The variable "a'" has a mean "a'" and a standard deviation o .

t

28 - t
x(t,a)'—“J F(x,a,r)d1+xo=J Ee_Tdr+0=;(1—e_tJ
o o

OF(x, a, t) | _ -t
3 a |a=a e
3x(t, a) | _a & dF(x, a, 1) [ _ - E =
3 a nimng 3 a S o drt e dt=1-e
o o
. | 9x(t, a) -t
Sx(t,a)'l ¢ a o | = & (L-e7)

For this example, the exact result can be obtained.

x (t, a) =a (1 - %)

(t, a) =32 (1 -e %)

x|

s (t, a) =0 (1 -5

Thus, the approximate and exact results are equal.
This scheme will now be generalized to a system of first-order differ-
ential equations. Since one or more higher-order differential equations

can be transformed to a system of first-order equations, this is a power-

ful generalization.

The system of equations is described by:

x(t) = F(x, a, t)
x(0) = g(a)
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where

[_ ;‘l () F (x, a, t)
. x (t) F (x,
x(t) = 2, F(x, a, t) = * .a, t)
;:n(t) J F (xs a, t)
[ 2 g (a) a ]
a g (a) a
a= | 2 gla) = | 2 I e
s o Lg“(a) . L ®n
then ¢
x(t, a) = J F(x, a, 1) d T + g(a)
o
—_— t — _—
x(t, a) = J F(x, a, ) d T + g(a)
- 1/2
Bx(t,a)) ax(t,a) 2 o
a)
3 a
m
(D-5)
3x(t,a) 2 x (¢, a)2 4
. a
o m
m
L R

The square root of the column vector is the column vector formed from the

square root of each term.

e o d o

a a i
il ot
t
? x(t, a) [ e J d F(x, a, 1) I
d aj a=a 5 ) a

Partial derivatives are evaluated at

a "
dt+-—-—-5——'a£a)1 -

a=a

(D-6)
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The following is a simple example for which exact results can also

be obtained. Consider a free-falling mass. x = -g
x(0) = a
- 1
x(0) = a
2

Assume a has a mean of zero and a standard deviation of Ua .
1

Assume a has a mean of zero and a standard deviation of cé

2
Make the following transformation: xl = x
X =x
2

: x (0) = a
1 1
x (0) = a
2 2

9 a \
1
9 X
axl J 2 5
Fr— o dt t
2 = 2 1 1
9 x ¢
2 ~Ir‘ag
o dt
9 a
332 2



Insert these expressions into (D-5).

S (t, a) £
X

Now, find the exact results for S and compare with the approxi-

K(ts a)
mate expression above.

x(0)

]
o

;(0) = g
2

x(t) = = %'g t? + azt + a

e 2 2| %
= |0
Sx [ a t2 + ?a ]

2 1
x(t)= -gt + a,

S =0
x a
2

Thus, the approximate and exact results for the standard deviations
are equal. It can also be shown that the approximate and exact mean
values are equal.

Using this approximate method, one could get a good idea of the
nature of the output without resorting to the time-consuming Monte
Carlo technique. By calculating approximate output means and standard
deviations, one can ''bracket" the solution by graphing the results

as follows:
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X(t)

Using the method of partial derivatives, one can avoid transforma-
tion to a system of first-order equations and can find partial deriva-
tives directly. For example, consider a projectile that leaves a
barrel with a random muzzle velocity having a mean ¥ and a standard

deviation g, . Assume that the angle of elevation 6 is a random
o

variable with mean 6 and standard deviation T+ Assume that the only

force on the projectile is that of gravity.

Then

[

0, y(0)

my = -g y(0) . 8 sin 6

0, x(0)

]
o

x(0)

I
I

mx v _ COs 6
o

Do not transform the system to first-order, but directly take partial

derivatives of the equations with respect to the random variables.

Note that

3

o

<
m
<
L
m
£

=]
@
=]
-
=]
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<
<
o
~~
=)
-
]

m x
= = 0
v, 0 Y
% = ¥y (0) =0
v (0) = 0 v, ()
X
sin 0 vo(O) = cos 0
y - e R e ”
vo o vo
y X )
v =at+8B v =at+B
o o
Yy = (sin 8) t Xy = (cos 8) t
o o
Yy =sin 8 Xy = cos ©
o ' o
0 mx_ = 0
3]
0 =
xe(O) 0
v, cos 8 xe(o) e sin 0
u .‘. . -

Xg = @
at+B X, =at+8
¥ (cos 9) t %, = _(vo sin 0) t

e 7 = -
v, cos & v_ siis B

[
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Equation (D-4) is

7]
™~
[H
]
e
| e B =
—
o~
w[m
E R
[
——
[
5]
‘_‘x
N
e

= [o 2 29 2 ) 21%
Sx(t) [ovo co%~ Q¥ % (vo sin B) =) ¢
. 2 2w 2 = 2.%
Sx(t) & [{,o cos® 8 + A (vo sin 8) “]
3 " 2 o == 2 — = g l’j
y(t) [ ov sin< 6 + {Je (vo cos 8) <] t

. = 2 2 2 2 s'i
S a sin© 8 + ¢ v
y(t) I v a ( cos 6) ]

The following is an illustration of the types of conclusions that

can be drawn from the results of this method.

Suppose
=20
Then
Sx(t) B gt
o
S:.((t') 2 Uv

Sye) = %Yt

Syce) = %Y
Thus, when the average elevation is zero, GB has virtually no effect on
Sx(t) or S%(t) if oe is small.

One can, by maximizing Sx(t)’ find the average elevation at which x(t)

has a maximum variation. Thus, one must find 6 that maximizes

[g 2

= 2y Ly 2 2
sx(t) v e = % Yo sin® 0] % ¢

Substitute 8in? 8 = 1 -cos2 §

S = i R e 2 T
x(t) [( {’O % vo)cos 6+ o



If
6 =0,
then

Sx(t) is a maximum.

D.4 Perturbation

The following perturbation method is an alternative to the statis-

tical approach. This method is not as powerful, but it can yield much
useful information.
m_n

Consider the equation x = f(x, t, a), where "a" is a random vari-

able, and x(0) = X .
The solution of this equation is

¥
x(t) = J f(x, t, a) dt + X,
o

The fundamental objective of this method is to evaluate the effect on

x(t) caused by a small change in "a".

The change in x(t) can be written Ax(t) = Egigl-ﬂa, if only the first

two terms in a Taylor series expansion of "x" about "a" are used.

From (D-1)

ax(e) o [ © 2k, £, @) 4
da da
(o]

As a simple illustration, consider the following:

- - t
x(t) = e 2
x(0) = 0
10 TR
da
t at -
Bele) oI o s Gem fh (@0 )
Ja a aZ




NOTE: If the equation cannot be solved analytically, %—§ can still be

9 f(x, t, a)

found numerically by integrating 3t

over time with zero

initial conditions. The basic approach can be extended to systems of
differential equatiomns.

Now, consider the case of a free-falling mass and find the effects
of slight variations in initial velocity and displacement on velocity

and displacement at some time "t'".

mx = -g
x(0) = X
x(0) = X

Take partial derivatives of each equation with respect to X and ﬁo

and solve the resulting equatiomns.

mk =0 m;:' =0
*o *o
X (0) = 1 Xy (0 =0
o o
x (0) =0 x (0) =1
X x
0 o
x =oat 4+ B x+ = at + B
X ple
o o
X, () =1 x, =t
o o
. e 1
x () =0 xxo
*o
Ax(t) = X, (t) ﬂxo + X (t) ﬁxo Ax(t) = X (t) ﬁxo + Xy (t) hxo
o o ° o
’ = X = - ﬁ.
Ax(t) ﬂxo + t Axo Ax(t) X




A graph can often be helpful in determining which variables should

be altered to achieve a desired change in displacement or velocity.

F

xlg X e

Thus, one can see that a small change in initial displacement changes
the displacement at each point in time by an equal amount. Velocity can

be seen to be unaffected by a small change in displacement.

Thus, a change in initial velocity affects the displacement by an amount
that increases with time. A change in initial velocity is simply added

to the velocity at any other time.
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APPENDIX E
""BROAD SPECTRUM OF AMMUNITION" STUDY

The "Broad Spectrum of Ammunition'" Study initiated under the
Weapons Laboratory (WECOM) is designed to investigate an important, but
relatively unexplored area of weapon-ammunition interaction. Emphasis
is on the determination of how various ammunition parameters affect
weapon operation and how these parameters are distributed in normal
ammunition production. The term "broad spectrum'" refers to the wide
range in parameter values that occurs in production. Potentially,
many useful results exist from such an investigation. For example,
by understanding how gas behavior is affected by nonuniformity of pro-
pellant grain shape and, in turn, how gas behavior affects mechanism
performance and reliability, one could then either stiffen or relax
manufacturing tolerances on uniformity of grain shape. Also, having
a more complete understanding of the weapon—-ammunition interface, one
could better design weapons so that they are relatively insensitive to

A3 provides

ammunition tolerances difficult to maintain. Reference
additional background.

The general approach of this study is to answer the following
three basic questions: (1) What measurable weapon characteristics
should be used as indicators of weapon performance? (2) How do ammu-
nition tolerances affect these performance indicators? (3) In normal
production, what are the distributions of ammunition tolerance that are
important to weapon performance? Mathematical models of weapons can be
highly useful in the study of the first two questions. Statistical
analyses of acceptance test data on breech and port pressures have been

performed in support of the third question. See Reference 16.

15vAnmunition Selection for Verification Testing of the 5.56mm, XM207,
Belt-Fed Machine Gun', Technical Report 70-103, Rock Island, Illinois
(Aug 1969)
16"Investigation of the Interaction of Weapon-Ammunition Subsystems',
Technical Report SWERR-TR-72-30, AD 742723, Rock Island, Illinois
(May 1972)
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This task is very difficult, but it is also important. The problem
it addresses cannot be solved in a straight-forward manner. Although a
long-term effort is required, interim results should prove highly useful.
This work interfaces with the probabilistic modeling described in

Appendix D.



APPENDIX F
METHODS OF TREATING IMPACT

The impact between moving bodies in a weapon mechanism is very diffi-
cult to model accurately. Knowledge in this field is important for stress,
wear, and fatigue analysis. In reality, time-dependent elastoplastic
effects are involved. The nature of the impact depends on the motions of
the masses just prior to impact, the mechanical properties of the material,
the area of contact, the angle of contact, the boundary conditions on the
colliding bodies, the physical dimensions of the masses, etc. However, in
the interest of reasonable computation time for an already complex weapon
model and in view of the lack of current theory to handle accurately impact
situations, large approximations are made.

Often, a coefficient of restitution is used. This coefficient is an
indication of the kinetic energy that is lost by the colliding bodies.
However, with this method, one knows neither the duration of contact nor
the forces involved. A better approximation would be to assume that, at
the time of impact, a stiff spring and dashpot hypothetically appear between
the two colliding masses. Coulomb, rather than viscous damping, could be
assumed, but the question of which should be used is somewhat academic since
the collision process is far too complex to be accurately modeled by either
one.

Two major difficulties exist in the spring approach. The first diffi-
culty is that it is difficult to properly choose the most appropriate
spring and damping values. To some extent, the spring constant can be
based on Young's modulus if one assumes that the constant is approximately
AE/L. However, then a question arises as to the choice of length L.
Possibly, one could let L vary and be equal to the instantaneous distance
that the stress wave has traveled in the body. Another way to arrive at
spring and damping constants is to correlate them with a coefficient of
restitution. These coefficients are easy to measure and are often tabu-
lated. Mr. Robert Coberly, Research Directorate, Weapons Laboratory,
WECOM, has derived a relationship that will permit one to choose spring
and dashpot values if the coefficient of restitution is known. The spring
will then account for the force history of impact; this feat cannot be

accomplished with the use of a coefficient of restitution without the spring.
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The second difficulty with the spring concept is that, when a digital
computer is used to solve the equations, an extremely small time incre-
ment is needed when a stiff spring is present. Otherwise, the momenta
of the colliding bodies will, in the space of a single time-increment,
carry these bodies so deeply into each other that the displacements
represent extremely high force levels when multiplied by a large spring
constant.

Another method of treating impact is to consider that the colliding
bodies are hypothetically broken into a series of point masses, springs,

and dashpots as follows:

T

This mechanical system is studied in Appendix C. However, the analysis
is still too time-consuming on a computer to be practical in a large
weapon model. What is needed is a transfer function that will give a
direct relation between input displacement and output force. Such a
model could account for another facet of impact not considered by the
previously described methods. That facet is the propagation and re-
flection of stress waves. Parts of a colliding body, not close to the
impact point, do not receive information that contact has been made
until a finite length of time has elapsed. How the stress wave is re-—
flected depends on the boundary conditions. This approach by which

the body is divided into a number of segments is called a lumped-mass
or finite-element approach. Simplification of this approach may be
possible by replacement of the many masses and springs with a single
mass—-spring system where the spring constant is a function of time.
This constant would be K = Mﬁ/X, where the position X of the single
mass would be equal to the position history of the first mass in the
large finite-element model. This ratio has been found to remain con-
stant even if the initial conditions are changed. Thus, for a particu-

lar problem, one might establish K(t) and expect it to hold regardless
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of the impact velocities.

A continuum approach might also be considered. This can also be
used to account for the propagation and reflection of stress waves.
An example of how it might be used follows:

Navier's equation is:

9 A b
2 o+ e LB o U
GV Ui (A +G) e P

1 i

Assume
w=v=20

U=U(x, ©)

Substitute into Navier's equation to obtain

e SR 32 U
3 x? Ak 26 3 t2
- AF26
& P xx A = dilitation
U_ =c2 = Lamé's constant
tt XX
G = Shear modulus
J',\ + 2G
c= \|—/—
o
U =c2y
tt pres

U0, t) = £(t)
U(L, t) =0
U(x, 0) =0

Ut(x, 0) = h(x)

Let
U=v+ g(x) £(t)
v(0,t) + g(0) £(t) = £(t)
v(L, t) + g(L) £(t) =0
Require

v(0, t) = v(L, t) =0
g(0) =1

g(L) = 0



Ve TBGD) £ (e) im el Ve T8 (x) £(t)

Vo ™ c? Vo™ g'" (x) f(t) - gx) £'' (v)
Let

g(x)=1 - %

- 2 = (X - '
v cc v (L 1 £'" (v)

tt blo ]
v(0, t) =0
v(L, t) =0

v(x, 0) = -(1 - ¥ £(0)

-0,

]
(=]

Since  £(0)

v, (x, 0) = h(x) - g(x) £(0)

Let
nmx
v=1 wn(t) sin L

omx _
I.C. => L mn(o) sin L 0

.

w (0) =0
n

Write equation as
- = I t) sin aTx
vtt ;.= Qn( ) I ’

where

L
2 X 1t nmx
Qn(t) =T J (E - 1) £''(t) sin = dx.

Q

By substitution,

Z
nmx 2 T nrx nmx
L m!'l' sin = + L c w s8in < L Qn sin T

2.2
2 n°m =
mr"'(t) + ¢ z wn(t) Qn(t)
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Ut(x, 0) = h(x)

vt(x, 0) + g(x) £'(0) = h(x)

v, (x, 0) = h(x) -£'(0)(1 - )

nrx
vt(x, 0) b Bn sin L

where

8, = % JL [h(x) -£'(0) (L - 3) sin 2% ] dx
o

o ' nnx
vt(x, 0) =¢ w! (0) sin T

w' (0) =8
n n

2.2.2
wp'(€) + S o (6) = 6 (e)
L2 n n

w (0) =0
n
w 0) = Bﬂ

One can solve for w .
n

Then,
ve=Iw (t) sin 20X
n L

u=v+(1—f) £(t)

nnx

U= w (t) sin
n L

+ (1 - %) £(t)

Thus,
for a given input displacement £(t) at x=0, one knows U(x, t)

Thus,

one can find € = LR

9 x




The generalized Hook's Law reduces to

0=2Ge+Xre=(2G+ 1) e
o= (2 G+ 1) &Y
9 x
What is needed is

~0A=KU+cU=KE (t) , neglecting damping

-0 1‘\
K £(c)
au
-2 G+ A) —
k= ¢ ) b

£(t)

7 G+ L b
Sl AT R PREes

where

c?n2n2

L

w!'(e) +

wn(t) = Qn(t)
w (0) =0
n

w ") =8
n . n L
- 2 X _ ' mx
Qn(t) 3 I (L 1) £''(t) sin 5 dx

nmx

L dx

L
o 2 ' x
B L IO (h(x) -£'(0) 1 - L) sin
A = Lamé's constant
G = Shear modulus
f(t)
h(x)

displacement hiétory at x=0

Ut(x, 0) = rate of change of U along body at t=0,

Probably Ut(o, 0) = £'(0)

U#(x >0,0)=0
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Let

£(t)

Qn(t)

h(x)

= a3 t
'JL X nmx
== G -1)(0) sin C—E—) dx = 0
“Jo
£'(0) at x=0
= Dat x>0
2 (" £100) (L -2 sin X ) dx
T, i L L
‘o
2 a a X nmx
-—TJ (l-f)sinT dx
o
(L L
= - 28 sin nix dx - I X sin L1iE ]
L L L L
o o
L2
L _2a aiba n;x |L _ %
L nm o n2w
b
T N SRS S R S
ks e an(1)+nw L(mr
.. 2a [ ].-2a
L nn nm
—2a
nm
LI =0
wn + 72 wn
w (0) =0
n
") = - 22
l'jn(m nm

+ si t
wn = An cos Ynt Bn n Yn

w (0) = 0=> A=0
n n

w' =B os
“n n Lt Yn ¢

2 a

¥ = B e c—
un(ﬁ) Bn Yn

nm



o 1
5 K--Aziﬂ[ L (--z—a sin—-‘:““t)-——(»—ft)
n=1

o0
K--Azi(-:)\ [ £ (_2:-1 sincnﬂ t)_f!t!
1

cn L L
n= A
f(t) = at
K= A(2G 4+ A) [+-}:-+— z 2_ sinC—NT-t
L cn L
n=1
1 1 ® 2 cnm
= + = =" —_— =
K +A(ZG.A)[L+t L = ainLr.
n=1
I P
K = +AE L4 & L 2 sin at ¢ Spring Constant
LL t cn L
n=1
This K can be shown to be c= %

) L c 2L
K = AE LE*-E? (1 I t)] , 0 < t< = periodically repeated.
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APPENDIX G
COUPLING OF COMPLEX MODELS

Many occasions arise when it would be desirable to couple complex
mathematical models. Often a very large effort is needed to successfully
combine the computer programs. Sometimes it is better "to start from
scratch" than to attempt to make the programs compatible that have been
written by two different people. This problem arises in weapon dynamic
studies where an important consideration is the interaction between a
mount-vehicle system and a weapon system. For example, if someone has
a model of a certain weapon mechanism, much information could be gained
by coupling it with someone else's model of a certain helicopter. The
basic problem is an extremely important one and has applications far
beyond weapons. However, the problem is also very difficult. The
coupled system behaves as a completely new system and often bears little
relation to the independent behavior of either system. A review of the
literature reveals very little information concerning this problem.

One approach is to simplify one or both of the complex models. In
effect, one models the model. It is possible to simplify the model to
the point where it is a single analytic expression relating the force
exerted by the mount to the position, velocity, and acceleration of the
weapon. (See Reference3) However, considerable deterioration in accur-
acy can easily occur. Another approach is outlined below. It is much more
successful in its ability to preserve the true natures of the interacting
systems. However, it is more difficult to apply; but for many problems,
the application of the method is simpler than simultaneous solution of

all equations in both models.

3Ehle, P.E., "Mathematical Model of the Stomer 5.56mm Medium Machine Gun,
XM207," WECOM Technical Report 70-114, AD 862081L, Research and Engin-
eering Directorate, Rock Island, I1l. (Oct 1969)
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Let ;; locate the position of the point on the vehicle that is

connected to the gun. Let ﬁh locate the position of the point on the
gun that is connected to the vehicle. Assume that some unknown inter-
action force exists at this common point that causes the vehicle and
gun to move together there. Assume that this force can be represented

by a Fourier sine or cosine series in (0, to).

That is,
K o nTe
F{t) =1 A sin ®
p=l ° o
where

t-—ﬁ
:\‘ e J"F(t) sin:Ltdt
n
o o

rt

o

and t0 is the maximum time for which the solution is desired. The assump-

tion that the masses move together at the coupling point is equivalent to

e

— — —_—
the constraint equation X, = Xg =0, where o accounts for any difference

in the origins of the two coordinate systems. The procedure is as follows:

1. Make an initial guess for the Ah values. Denote these by E; .
(0)
2. Run the vehicle and gun programs independently with a forcing
function equal to the Fourier series established with K; values.
The result will be x (t) and x (t). However, these functions
v (0) MO

will almost certainly not satisfy the constraint equation.

- —_ —
3. Expand X, and Xq in a Taylor series about A .

n
(0)
) - K Fa;:v ] oy K E 32;; -‘
i R L W ([ V(0) ( AR ) 2 4.
(0) n=l| —= n=1 = n
3 9A 2
L @ L " (]
K ra;{; - K -az;c i
= - i
X=X +i | =—QlaZ+ 1 |—Q@Q (aff)2+'
(0) n=1 BAn L 3A 2 n
L "o ] ® 0 |
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4.

Substitute the results of (3.) into the constraint equation.

Neglect second and higher order terms.

— iy

K 3xG axv
2 el s ) sy | oeenl® N0 |
V(0 ¢0) =l | 3R A a
O (V)
¥%g
From the gun model determine ﬁ:lgl ; and from the vehicle
%A
x @
model determine _:;LQL . If the governing equations are
ak“(O)

linear, the partial derivatives can be found directly. Other-
wise, they can be estimated by the running of each model and the

noting of changes in *; and ;v as the An are varied.
(0
Write the equation in (4.) for each of k points in time scattered

throughout (0, to). One knows the values of ;v , ;:G .
(0) (0)
R 3%, 3%,
o, f:JQl and -:J@l . Thus, one has k algebraic equations
A 3A
7(0) m(0)

and k unknowns A K;.

Solve for A K; and write K; = E; + A E;.
(1) (0)
Repeat the above process, and use E; as the initial guess in
the Fourier series. @
Repeat the entire process until ;' - X is as close as
w o S@

possible or as close as desired to a.

There are two basic problems that may be encountered when one applies

this method. First, for a very irregular interaction force over a long
time interval, a large k value may be needed. Also, for some problems, a

large number of iterations may be necessary.

The method was applied to simple spring mass systems with nonlinear

spring constants. It was also applied to a complex weapon model (XM207)
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in conjunction with a simple mount model. 1In all cases, convergence
to the known interaction force was very rapld. Four iterations gave
very good results. The method will not work equally well for all

problems.

The approach described represents a "first cut'" at the problem.

Much work remains to satisfactorily solve it.



APPENDIX H
SIMPLIFIED EXTERIOR BALLISTICS ANALYSIS

A simplified exterior ballistics analysis was made for the deter-
mination of accuracy trends as various weapon parameters were varied.
A sophisticated analysis is considered unnecessary for this purpose.
The projectile is given only two degrees of freedom, and the drag force
is assumed to be zero. Gravity is the only force that acts on the pro-
jectile. The axis of the barrel does not pass through the pivot point,

which is assumed to be the center of gravity.

z ' ;
4—MUZZLE

s
e 1 _“._

CG. . ; Y

NOTE: o = Minimum distance from pivot point to bore axis

Figure 45 Geometry for Exterior Ballistics Analysis

Coordinates of Muzzle:

Z= "L2 + 02 sin (8 + ¢)

L?2 + 0?2 cos ® + ¢)

-
Il



Components of Muzzle Velocity:
v
y

\'
z

V cos 0O V = muzzle velocity

V sin ©

Total velocity components of projectile at muzzle:

§ =Y+Vecos 06=- 0 L2 + 02 sin (0+ ¢) + V cos ©
. 5 : V.2 2
z=2+V sin 0= 0 L + o cos (O0+ ¢) + V sin ©

The equation governing vertical motion is:

z ==g

z = —-gt + cl

z=-%gt2+ct+ec
1 2

at t=ttemz, 2 e,
. = - 2+ +

z; o gty cll::L c2

- _ +

zg 8ty c1

cl = zi + gti

=z, + -t, (z, + gt
o ®izy F gty Sy Ky vgty)
- e 2 2. + + + -t, (z, +

z sogts + [z, gti] t [Zi o gt, -t (zi Sti)]

The equation governing horizontal motion is:

y=0

n
P
—
(a3
+
=
(]

H-2
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¥ = yyetlyy St (H-2)

Now determine t when y = R = range to target

= v + -y

R=yptp+ vy v; &l

e =Ll [R-y, +7.t.] (H-3)

R - i 1.1

Vi
Next determine z when t = tr by substitution of (H-3) into (H-1)
1 . & . 1 .

= - R-y, + y.,t + + =—[R -y, +

zp = % 8 ; [R-y, +y,t,] [z, + yt,] ; [R -y, +y, t;]
i
x (H-4)

+ +Y% gt -t (z, +
[z, +% gt, -t (z, +gt)]

Assume initial time ti =0,

Then
pirw =g e [R-y]2+él—[n-§r]+z (H-5)
R .y i i i i
Yy Iy
where

z. =V sin (0 + ¢)

i L2 + o2

- tl'
@ L2+ a2 cos (0+ ¢) +V sin ©

L2 + 02 cos (0 + ¢)

<
]

-0"L2 + 42 sin (0+ ¢) + V cos ©

g
]

Zp is the vertical coordinate of the impact point at range R.

Nominal Values are:

a = .065 ft

L = 1.645 ft

R = 450 ft

V = 3180 ft/sec

0=0

© is obtained from the analysis of rifle rotation.
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APPENDIX I
GAS DYNAMICS

Accurate representations of gas forces are of great importance to
mathematical models of automatic gas-operated weapons. At the present
time, experimental pressure-time curves provide probably the most accur-
ate simulation of these forces. However, to retain this accuracy, one
must make new measurements each time changes are made in weapon param-
eters. Also, because of round-to-round variations, the use of any
single curve is not realistic. Theoretical descriptions would allow
one to account for the influence on gas force caused by changes in
weapon parameters, but much work remains before really accurate pre-
dictions can be made.

In the M16Al model, experimental pressure curves are used. However,
there are many uncertainties associated with these measurements. Pressure
gauges made by different manufacturers tend to disagree with one another.
Also, it is very difficult to get measurements at exact points where
they are needed. In addition, the presence of the gauge tends to per-
turb the normal fluid flow. Nevertheless, experimental measurements
are probably more reliable than theoretical predictions.

There exist many computer programs that treat interior ballistics.
Very few consider propellants with deterrent coatings. An unpublished
one that does was constructed by T. Trafton at BRL. All of these
analyses introduce gross approximations, but for many purposes, the
results are satisfactory. One of the most successful analyses of flow
in the M16Al gas tube is described in Reference? . This analysis is
fairly detailed and complex, and it provides an excellent tool for
individual study of the gas tube. However, in the modeling of the
dynamics of an entire weapon, a delicate balance must be struck between
complexity and the limitations of computer storage and running time.

This problem is compounded if the Monte Carlo technique, which requires

Ispurk, J.H., "The Gas Flow in Gas-Operated Weapons," Ballistic Research
Laboratories Report No. 1475, Aberdeen Proving Ground, Md. (Feb 1970)
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many computer runs, is used. What is needed in this instance is a
relatively simple model that can accept wide modifications in flow
geometry and thermal properties and provide approximate answers. With
such a gas flow analysis included in the weapon model, one could, for
example, look at trends in unlocking force as changes are made in the
location of the gas port, the thermal properties of the tube, or
changes in the tube geometry. Such an analysis has been developed

in theory in Reference’. However, the present computer program exhi-
bits an instability for high rates of change of pressure typical of

a weapon, and this problem is currently under investigation.

7Ehle, P.E. and Rahe, A.E., "Development of a Finite Element Approach
for Approximate Analysis of Unsteady Compressible Fluid Flow," WECOM
Technical Report SWERR-TR-72-36, AD 746234, Rock Island, I1l (Jun 72)
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APPENDIX J
CONVERSION OF PHYSICAL UNITS

TABLE 12 CONVERSION OF PHYSICAL UNITS

Area: 1 »? = 10.764 £t2 = 1,550 in?
Force: 1 newton = 1 kg-m/sec? = .22482 1b
f force
" Length: lm= 3.281 ft = 39.37 in
Mass: 1 kg = 2.205 1bmasa
Pressure: 1 newton/m? = 1 kg/ (m-sec?) = ,14511 x 10 3 psi
Velocity: 1 m/sec = 3.281 ft/sec = 39.37 in/sec

Cyclic rate:

Time for One Shot (milliseconds) Shots Per Minute
60 1,000
61 984
62 968
63 952
64 938
65 923
66 © 909
67 896
68 - 882 -
69 870
70 857
71 845
72 833
73 822
74 , 811
75 800
76 789
77 : 779
78 769
79 759
80 750
81 741
82 732,
83 723
84 714
85 706
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APPENDIX K

COMPUTER PROGRAM FOR M16A1 RIFLE AND SAMPLE OUTPUT

k-1 The following page is blank.
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For each component mass, equations of motion are written.
These allow a total of eleven degrees of freedom plus a
nearly unlimited number of degrees of freedom for the drive
spring. To provide accuracy data, one rotational degree of
freedom is allowed for weapon pitch motion. Expressions are
derived for the many diverse forces acting on the masses.
The resulting equations are solved on an IBM 360/65 digital
computer. A sensitivity analysis is conducted, and the
results are compared with those from a similar model of the
XM19 Rifle. The greatest differences between the M16Al and
the XM19 sensitivities were found to be the effect of the
ignition delay and the drive spring on cycle time and the
mounting conditions on accuracy.

The methods developed during model construction are appli-
cable to the modeling of many other weapons. Part II of
this two-report series is an application of these techni-
ques to the XM19 Rifle.
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